
On differences and similarities in the analysis of Lorenz, Chen,
and Lu systems

G.A. Leonov, N.V. Kuznetsov ⇑
Mathematics and Mechanics Faculty, St. Petersburg State University, 198504 Peterhof, St. Petersburg, Russia
Department of Mathematical Information Technology, University of Jyväskylä, 40014 Jyväskylä, Finland

a r t i c l e i n f o

Keywords:
Lorenz-like systems
Lorenz system
Chen system
Lu system
Lyapunov exponent
Chaotic analog of 16th Hilbert problem

a b s t r a c t

Currently it is being actively discussed the question of the equivalence of various Lorenz-
like systems and the possibility of universal consideration of their behavior (Algaba et al.,
2013a,b, 2014b,c; Chen, 2013; Chen and Yang, 2013; Leonov, 2013a), in view of the possi-
bility of reduction of such systems to the same form with the help of various transforma-
tions. In the present paper the differences and similarities in the analysis of the Lorenz, the
Chen and the Lu systems are discussed. It is shown that the Chen and the Lu systems stim-
ulate the development of new methods for the analysis of chaotic systems. Open problems
are discussed.
� 2015 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-

NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Currently it is being actively discussed the question of the equivalence of various Lorenz-like systems and the possibility
of universal consideration of their behavior [2–5,11,14,35] in view of the possibility of reduction of such systems to the same
form with the help of various transformations.

In the present paper the differences and similarities in the analysis of these systems are discussed and it is shown that the
Chen and the Lu systems stimulate for the development of new methods for the analysis of chaotic systems.

2. Lorenz-like systems: Lorenz, Chen, Lu, and Tigan systems

Consider the famous Lorenz system [60]

_x ¼ rðy� xÞ;
_y ¼ qx� y� xz;

_z ¼ �bzþ xy;

ð1Þ

where r; q; b are positive parameters.
Consider the Chen system [12]
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_x ¼ aðy� xÞ;
_y ¼ ðc � aÞxþ cy� xz;
_z ¼ �bzþ xy

ð2Þ

and the Lu system [61]

_x ¼ aðy� xÞ;
_y ¼ cy� xz;
_z ¼ �bzþ xy;

ð3Þ

where a; b; c are real parameters. Systems (2) and (3) are Lorenz-like systems, which have been intensively studied in
recent years.

In 2012 G.A. Leonov suggested to consider the following substitutions [35]

x! hx; y! hy; z! hz; t ! h�1t ð4Þ

with h ¼ a. By this transformation for a – 0 one has in (2) and (3)

a! 1; c ! c
a
; b! b

a
:

For a ¼ 0 the Chen and the Lu systems become linear and their dynamics have minor interest. Thus, without loss of gener-
ality, one can assume that a ¼ 1. Remark that the transformation (4) with h ¼ a does not change the direction of time for the
positive chaotic parameters considered in the works [12,61].

Later, in 2013, the transformation (4) was independently considered in the works [2,3]1 with h ¼ �c for the reduction of
the Chen system (2):

_x ¼ � a
c
ðy� xÞ;

_y ¼ a
c
� 1

� �
x� y� xz; r ¼ � a

c
; q ¼ a

c
� 1; b ¼ � b

c
ðrþ q ¼ �1Þ;

_z ¼ b
c

zþ xy;

ð5Þ

and the Lu system (3):

_x ¼ � a
c
ðy� xÞ;

_y ¼ �y� xz; r ¼ � a
c
; q ¼ 0; b ¼ � b

c
ðq ¼ 0Þ;

_z ¼ b
c

zþ xy;

ð6Þ

to the form of the Lorenz system (1).
Note that here in contrast to the previous transformation: 1) the transformation (4) with h ¼ �c change the direction of

time for c > 0 considered in the works [12,61], 2) for c ¼ 0 the Chen and the Lu systems do not become linear and their
dynamics may be of interest. For c < 0 the transformation (4) with h ¼ �c does not change the direction of time.

For c ¼ 0 in [2,3] it is suggested to apply the previous transformation (4) with h ¼ a and is claimed that the Chen and the
Lu systems with c ¼ 0 are ‘‘a particular case of the T-system’’ [26,77] (which was published later)

_x ¼ aðy� xÞ;
_y ¼ ðc � aÞx� axz;

_z ¼ �bzþ xy:

ð7Þ

To fill the formal gap in the notation of the parameters in this case it is required the additional transformation
x! x=

ffiffiffi
a
p

; y! y=
ffiffiffi
a
p

; z! z=a. Finally, to transform the Chen and the Lu systems with c ¼ 0 to the T-system one has to apply
the following transformation

x!
ffiffiffi
a
p

x; y!
ffiffiffi
a
p

y; z! z; t ! a�1t: ð8Þ

For r ¼ 10; b ¼ 8=3 and 0 < q < 1, the Lorenz system is stable. For 1 < r < 24:74 � � � the zero fixed point looses its stability
and two additional stable fixed points appear. For q > 24:74 � � � all three fixed points become unstable and trajectories,
depending on the initial data, may be repelled by them in a very complex way. For the parameter set

1 Submission dates: [35] — December 27, 2012; [2] — 22 January 2013; [3] — 22 January 2013.
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