
Stability analysis of complex-valued impulsive systems
with time delay

Xu Zeng a, Chuandong Li a,⇑, Tingwen Huang b, Xing He a

a School of Electronics and Information Engineering, Southwest University, Chongqing 400715, PR China
b Department of Mathematics, Texas A&M University at Qatar, P.O. Box 23874, Doha, Qatar

a r t i c l e i n f o

Keywords:
Complex-valued impulsive systems
Time delay
Stability
Razumikhin technique
Lyapunov technique

a b s t r a c t

In this paper, the global exponential stability of complex-valued impulsive systems is
addressed. Some new sufficient conditions are obtained to guarantee the global exponen-
tial stability by the Lyapunov–Razumikhin theory, which extend and improve most of
recent results. Moreover, the obtained Razumikhin conditions are very simple and efficient
to verify in real problems and helpful to investigate the stability of delayed neural net-
works and synchronization problems of chaotic systems under impulsive perturbation.
Finally, a numerical example is given to show the effectiveness of the obtained results.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

Impulsive effects exist widely in the world. As we all have known, the state of systems are often subject to instantaneous
disturbances and experience abrupt changes at certain instants, which might be caused by frequent changes or other sud-
denly noises. These systems are called impulsive systems, which are governed by impulsive differential equations or impul-
sive difference equations.

In the past decades, the study of impulsive system theory has attracted the interest of many researchers due to its widely
applications in many fields of modern science such as computer science, communication, economy, biology, as well as arti-
ficial neural systems. So far, many profound results have been obtained for the dynamics of impulsive systems, especially the
impulsive systems with mixed impulse moments [2–8]. However, almost all of the existing works only focus on the real-val-
ued impulsive systems. In fact, many classical systems are subject to study in complex-valued field, such as quantum system
[9–12], Ginzburg–Landau equation [16], Orr–Sommerfeld equation [17], complex Riccati equation [18] and complex Lorenz
equation [19]. In [13–15] the authors have done some work about the complex-valued neural network, which have been
extended the scope of applications in optoelectronics, filtering, imaging, speech synthesis, computer vision, remote sensing,
quantum devices. Hence, it is significative and important to study on the properties of the complex-valued impulsive differ-
ential systems.

Recently,several interesting results concerning the dynamical properties of the complex-valued impulsive systems have
been proposed [1,20–23,28–30]. In [1], the authors obtained some sufficient conditions for existence and uniqueness of solu-
tions to complex-valued nonlinear impulsive systems. Ref. [28] studied the local asymptotically stability of complex-valued
impulsive systems. [29] the issue of controllability and observability for a class of time-varying impulsive systems defined in
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complex fields. Fu [30] is devoted to a study of the null controllability for the semilinear parabolic equation with a complex
principal part. But to the best of our knowledge, there has been few reports about the exponential stability of complex-val-
ued impulsive systems. In practice, the exponential stability property is often expected. For example, to solve various opti-
mization problems, it is desirable that there is only one equilibrium point which is exponentially stable so as to avoid the risk
of having spurious equilibria and being trapped at local minima [20,21]. Also, the exponential stability property is particu-
larly important when the exponential convergence rate is used to determine the speed of neural computations [22,23]. Thus,
it is necessary and important to investigate exponential stability and to estimate the exponential convergence rate of com-
plex-valued impulsive function differential equations from the view of both theory and application, however, there few
study of the complex-valued impulsive system. The main contribution of this paper are as follows:

(1) A more general model both consider complex-valued and impulsive obtained.
(2) Some easy to check stability criteria are analyzed mathematically and by simulations.
(3) The asymptotical stability of complex-valued impulsive systems has been addressed in [28], and existence and
uniqueness of solutions in [1]. Compared with those results, in this paper, the global exponential stability has been
obtained with an exponential convergent rate.

Motivated by the above discussions, in this paper, we shall investigate the exponential stability of complex-valued impul-
sive systems with delays. By employing the improved Razumikhin technique and Lyapunov functions, some new conditions
ensuring the global exponential stability will be obtained. This paper is organized as follows. In Section 2, the complex-val-
ued impulsive systems with delay to be deal with are formulated and several results about the complex-valued continuous
functions are presented. In Section 3, the global exponential stability criteria of complex-valued impulsive systems is estab-
lished and a example presented. Finally, some conclusions are drawn in Section 4.

2. Notations and preliminaries

Let C denote the set of complex-valued numbers. R the set of real-valued numbers. Rþ the set of nonnegative real-valued
numbers. Zþ the set of positive integers and Cn the n-dimensional complex-valued space equipped with the Euclidean norm
k � k. Let X 2 Cn be a neighborhood of the origin. WðzÞ 2 C½X;R�;Wð0Þ ¼ 0. K ¼ fa 2 CðCþ;CþÞ, where að0Þ ¼ 0 and aðtÞ > 0 for
t > 0 and a is strictly increasing in t}. For any t P t0 P 0 > a P �1. I ¼ ½t þ a;þ1Þ. In the case when a ¼ �1 the interval
½t þ a; t� is understood to be replaced by (�1; t�. Let D be an open set in PC ([a;0], Cn), where PC ([a;0], Cn)=fu : ½a;0� ! Cn is
continuous everywhere except at finite number of points t, at which uðtþÞ;uðt�Þ exist and uðtþÞ ¼ uðtÞ}. Define
PCBðtÞ ¼ fzt 2 D : zt is bounded}. For u 2 PCBðtÞ, the norm of u is defined by k � k ¼ supa6h�0juðhÞj.

Let a plant be a general complex-value system

z0 ¼ f ðt; zð�ÞÞ ð1Þ

where z 2 Cn is the state variable, f : I �X! Cn is complex-valued continuous functions.

Definition 1. For a given plant (1), the sequence sk; IkðzðskÞÞ is called a impulsive control law of (1), if there exits a set of
control instant sk, and control laws IkðzðskÞÞ 2 Cn such that the solution of the following impulsive system described by

z0ðtÞ ¼ f ðz; tÞ t P t0; t – sk

zðsþk Þ ¼ Ikðzðs�k ÞÞ t ¼ sk

(
ð2Þ

where Ikðt; zÞ 2 Cð½t0;1Þ � Cn;CnÞ are complex-valued continuous functions, MzðskÞ ¼ zðsþk Þ � zðs�k Þ; f 2 Cð½sk�1; sk� � D;CnÞ.
For each t P t0; zt 2 D is defined by ztðsÞ ¼ zðt þ sÞ; s 2 ½a;0�:Ikðtk;0Þ ¼ 0; k ¼ Zþ. And the impulsive instants sk satisfy

0 6 t0 < s1 < s2 < � � � < sk < skþ1 < � � � lim
k!þ1

sk ¼ þ1: ð3Þ

For any r P 0 and / 2 D, the initial condition for system (2) is given by

zrðsÞ ¼ /; a 6 s 6 0:

Definition 2. W(z) is called a complex positive definite function on X, if WðzÞP 0 for any z 2 X, and WðzÞ ¼ 0 if and only if
z ¼ 0.

Definition 3 [27]. Let V : I �X # Rþ, then V is said to belong to V0 if

(1) V is locally Lipschitzian in z, and Vðt; zÞ ¼ 0 if and only if z = 0;
(2) V is continuous in ðsk�1; sk� �X and for each z 2 X; k ¼ 1;2; . . .
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