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1. Introduction

Throughout this paper, let a < b in R.
The inequality

b
f(#)gﬁ/Hf(x)dX<f(a);ﬂb), (1.1)

which holds for all convex functions f : [a,b] — R, is known in the literature as Hermite-Hadamard inequality [7].
For some results which generalize, improve, and extend the inequality (1.1), refer to [1-6,8-18].
In [4], Dragomir and Agarwal established the following results connected with the second inequality in the inequality (1.1).

Theorem A. Let f : [a,b] — R be a differentiable function on (a,b) with a < b. If | f' | is convex on [a, b], then we have
a)+fb 1 b

y< R U / Fx)dx
Ja

which is the trapezoid inequality provided that | f' |is convex on [a, b].
In [12], Kirmaci and Ozdemir established the following results connected with the first inequality in the inequality (1.1 ).

<@+ 10, (12)

Theorem B. Under the assumptions of Theorem A, we have

o [ Twax—(450)

which is the midpoint inequality provided that | f' | is convex on [a, b).
In what follows we recall the following definition [13].
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Definition 1. Let f € L;[a, b]. The Riemann-Liouville integrals J%.f and J;-f of order o > 0 with a > 0 are defined by

JAfx) = % / (x—0)*'f(tdt (x> a)

and

1

b
S S0 =155 / (t—x"f(Odt (x <b),

respectively. Here, I'(«) is the Gamma function and J°, f(x) = JO-f(x) = f(x).
In [13], Sarikaya et al. established the following Hermite-Hadamard-type inequalities for fractional integrals:

Theorem C. Let f : [a,b] — R be positive with 0 < a < b and f € Ly[a, b]. If f is a convex function on [a, b], then
a+b\ _T(x+1) ., " f(a) +f(b)
1(%57) < gy Vs 0+ st <HESIE) (14)

for o> 0.

Theorem D. Under the assumptions of Theorem A, we have the following Hermite—-Hadamard-type inequality for fractional
integrals:

[f(@) +f(b) T(a+1) 2% 1

o Ua F0) +Ji-f(@)]] < Pt 1)

2 2(b (b—a)(|f(@|+f b)) (1.5)

for o> 0.
In [9], Hwang et al. established the following fractional integral inequality:

Theorem E. Under the assumptions of Theorem A, we have the following Hermite—-Hadamard-type inequality for fractional
integrals:

’F(oc—i—l)
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for o> 0.
Remark 1.

(1) The assumption f : [a,b] — R is positive with 0 < a < b in Theorem C can be weakened as f : [a,b] — R witha < b.

(2) In Theorem D, let o = 1. Then Theorem D reduces to Theorem A.

(3) In Theorem E, let oo = 1. Then Theorem E reduces to Theorem B.
In this paper, we establish some new inequalities which refine Hermite-Hadamard inequality (1.1) and Hermite-Hadamard-

type inequality (1.4), and we obtain some similar extensions of Theorems A, B, D, E. Some applications for the Beta function
are given.

2. New refinements of Hermite-Hadamard-type inequality for fractional integrals

Theorem 1. Let f : [a,b] — R be a convex function with a < b. Then we have the inequality

f<a;b> <39171f<a42rb> +41,31+1 {f<3a£:rb> +f<atl3b>} o F(ot+11 U2 £(b) +J2-f(a)]

4* 2.4 S 2(b-a)
A ) ()] 2 e ey L0 1)

for o> 0.



Download English Version:

https://daneshyari.com/en/article/6420743

Download Persian Version:

https://daneshyari.com/article/6420743

Daneshyari.com


https://daneshyari.com/en/article/6420743
https://daneshyari.com/article/6420743
https://daneshyari.com

