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1. Introduction

Throughout this paper, C™" (resp., R™") stands for the set of m by n matrices with complex (resp., real) entries; rank(A)
stands for the rank of a matrix A € C™"; [A B] denotes a row block matrix consisting of A and B. For integers m > 1 and
1 <k <m, let y,,, denote the set

{o:o0=(001,...,00), 1 <oy <--- <oy <m, where ay,..., 0 are integers}.

For A = (a;) € C™", let o = (ot1,...,0) € Yy n and B = (B,,..., ;) € Y, then the symbol A, ; denotes the s x t submatrix of
A determined by rows indexed by o and columns indexed by g, especially, write A,,(resp.,A,;) =Ay; when
|B| = n(resp., |«| = m). The symbol A;_}j denotes the inverse of A, 4, when |a| = || and A, 4 is nonsingular. And we can construct
two special matrices P, a s x m matrix with 1 in positions (1, 1), ..., (s, as) and 0 elsewhere, and Q4 an n x t matrix with 1 in
positions (8;,1),...,(f,,t) and O elsewhere. It follows that P,A=A,, AQ;=A,; and P,AQ; =A,s For any given
o= (0,...,0) € Ypm WE denotes

af={1,...,m}\o.
It is obviously that A, 4 is the (m —s) x (n —t) submatrix obtained from A by deleting rows indexed by o and columns

indexed by g, and

P
|:Po(:| c mem and [Q[i Q/}C} c Cnxn

are nonsingular. Let y,,, denote a null set, especially, when o € y; ., ¢ = {1,...,m}.
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In the literature, the problem of examining the nonsingularity of
A B}

. (1.1)

M= [
have been studied, where A € C™™, B ¢ C™", C € C*™™ and D € C™". Decker and Keller [7] obtained some necessary and suf-
ficient conditions for guaranteeing the nonsingularity of the matrix M. Especially, the matrix M is nonsingular if and only if
its Schur complement

S=D-CA'B

is nonsingular, and rank(M) = rank(A) + rank(S), when the matrix A is nonsingular. Benzi et al. [6] derived a necessary and
sufficient condition for M to be nonsingular, when A € R™™ is symmetric positive semidefinite, C = B" € R™™ has full rank,
and D = 0. Recently, Bai and Bai [1] and Bai [2] obtained some necessary and sufficient conditions for guaranteeing the
nonsingularity of the matrix M, respectively. A detailed discussion of the block two-by-two matrix M defined in (1.1) and
its applications can be found in [1,3,5,8-11, etc].

In this paper, we will study the nonsingularity of M in an elementary way.

Lemma 1.1. [4] Let A C™ ", rank(A) =117 = 1, € y, ,, and B € %, . If Ay p is of full row-rank, and A, g is of full column-rank,
then A, is nonsingular.

Note that, there are many ways to choose a € y,,, such that A,, is a full row-rank matrix, for example, Gaussian
elimination, QR Factorization, Singular Value Decomposition (SVD), etc. However, numerically, Gaussian elimination may
be unreliable. QR decomposition with pivoting may be a more numerically robust than Gaussian elimination. The SVD is
computationally feasible and numerically stable, and is more effective. It seems that the SVD is a good choice.

2. Main results

Theorem 2.1. Assume that the (1,1) block A € C™™ of the block two-by-two matrix M € C™ x40 defined in (1.1) is zero.
Then

rank(M) = rank(B) + rank(C) + rank ([71 >, (2.1)
where

D.. B!

™ — -1 -1
Dy = Decoe — Dec:B.1 By, o — Coory €2l Do + Ceer, C:) Do, B2 B, o, (2.2)

rank(C) = ry, rank(B) =12, S € %, o Tt € Yy S1 € Yy ANA T € ;. , SUch that C ., and B, . are nonsingular.

1

Proof. Denote rank(C) = ry and rank(B) = r. Let ¢ € %, 1, T1 € %, o G1 € Xy, @0 T € ., , SUch that C.

.7, and B, ; are non-
singular. Write

P.
P1 — |:Ps :| c (ann, Ql — {QT] Q‘Ui} c q:mxm7
P§1 mxm nxn
P, = P eC 3 QZZ[Q’[ QIC]GG .
=1

Then P, , Q;,P, and Q, are nonsingular,

P,BQ {P;‘_B[Q Q] B B“C}
2 2 = T A 5

P Bio Bio
p. C.. Cox
PiCQ; = | " |C[Qr Q)= | 7" 7|,
1t {P;f} [ o TJ [Ccf,n C;f,r?

P. ] 'D.. Do

PIDQZ:[P DIQ. Qel= | }

.| De: De

and
0 0 B, By«

{Pz OHO BHQ] 0}_ 0 0 Bi: Bix
0 P] C D 0 Qz - Cg.r, C;rﬁ D‘.T Dg.rf
ng-{] C;C"L-g D‘/-:C~T D;C.’TC
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