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Keywords: The paper concerns the decompositions of polynomials onto iterated integrals. This is a
Iterated polyr{omials continuation of our previous paper (Lorenc, submitted for publication), in which the exis-
Real POlY_nomlalS ) tence of such decomposition for the Faulhaber polynomials is proven. In the current paper
Hyperbolic polynomials we prove the basic theorem (Theorem 2) presenting the necessary and sufficient conditions

for the existence of such decomposition. We discuss these conditions in the wider context
of theory of the real and complex polynomials. A number of exemplary decompositions
onto iterated integrals of the known classical kinds of polynomials are also presented.
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1. Introduction

The immediate cause of preparing this paper was the following problem: which additional assumptions are needed so
that for the given sequence of real polynomials {p,(x)}.;, such that deg p, = k for every k € N, there could exist the real
numbers o;,,i=0,1,...,k for any k € N, such that

n Xk *2
¥ (x) / dxy, / dxi 1 ... / dx1 = pi(n) v
Ok -1k %1k

for any n € N?
In paper [16] we proved that problem (+) has a solution for the sequence {Sx(x)};-; of Faulhaber polynomials, where
1 & /m+1

w0 =i

)ka’"”"‘, meN,
k=0

and By are the Bernoulli numbers with B; =1 [13,20,24]. We note that

Xn:km = Sm(n)
k=1

for every m,n € N. In paper [16] all the possible sequences {oc,-{k}g‘zo, k € N, of real numbers for which decomposition («) holds
have been also described.

In this paper we reach a conclusion on more basic problem. We prove when, for given polynomial p € R[x],deg p > 2, the
numbers a;,as, ..., daeg p € R exist so that the following decomposition holds (see Theorem 2):
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X Xegp
p(dEg p) (X) / dxdegp /
o, o

deg p —1+deg p

dx,megp.../ dx; = p(x). (1)

Besides, we discuss this kind of decomposition for the polynomials of known kinds, including the modified Chebyshev
polynomials, Hermite and Bell polynomials, Lagrange polynomials, Laguerre and Jacobi polynomials.

In mentioned Theorem 2 we prove that decomposition (1) holds if and only if any polynomials p® k=0,1,...,
—1 + deg p have at least one real root. In Section 3 these conditions will be discussed in the context of many known facts
of the theory of real and complex polynomials.

Note that the iterated integrals appearing on the left side of (1) describe a volume of some polyhedron with triangular
faces with one variable coordinate of one of the vertices.

Other issues connected with decomposition (1), or more precisely with problem (), such like the completeness of
sequence of polynomials {p,(x)},-, are still under our investigations.

2. Partially solutions
2.1. Discussions on elementary cases

We start the discussion with the following theorem, the aim of which is the complete description of polynomials of
degrees 2, 3, and 4, for which the integral decomposition of type () exists.

Theorem 1. We have:

X Xo
2a2/ dxz/ dx; = x> + x +ag, a #0 (2)
o o
2
holds if and only if oy = — - and o = B VA V;}]Z‘m““z whenever a2 — 4d,a; > 0,
X X3 Xy
6a; / dxs / dx, / dx, = asx® + aux® + a;x, a; # 0 3)
Jog Joy Joy

holds if and only if

a
1. o :—ﬁ,

V2 3aia; ;
2. 0 = Up i% lfCl% —3aia3 = 0,
N
3. 05 € {O,%cxo i% whenever a2 — 4a,a; > 0}.

In other words, decomposition (3) holds whenever a3 — 4a;a; > 0.
We note that the following decomposition holds (for some oy, &y, 03, 004 € R):

X X4 X3 X2
24a, / dxs / dxs / dx, / dx1 = aux* + asx® + X% + a1x
n o3 oy o4

where a4 # 0 if and only if 3a — 8a,a4 > 0. Furthermore, the decomposition

X X6 "X
120as / dxg / dxs .. / dx; = asx° + asx* + asx® + axx? + ag,
Jog Jas oy

where a; = 0 and as # 0, holds for some 1, 0;,,...,% € R if and only if a2 — %a;as > 0.
Conditions of similar kinds are fulfilled for polynomials of higher degree (for example, condition

(n—1)a% , —2na,a, , >0 (4)

must be satisfied for every real polynomial > ,ax* with a, # 0,n > 2).

Proof. All the relations (equalities and inequalities) follow easily from the following general formula

X Xn-1 X1 1
n!an/ dxn_1 / dxp o .. / dxo = a,X" — na, 00X +n(n - 1)ay, <ocooc1 - Tx?)x"*z
On-1 Olpn—2 %o

+n(n—-1)(n-2)a, —la§+@a§— acoocl—loz% o X3 4
6 2 2
which implies the following system of equations

—nan%p = dp-1,
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