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a b s t r a c t

In this paper a multidimensional Hilbert-type integral inequality with the best possible
constant factor associated to the gamma function is proved. An equivalent form and some
reverses are obtained. We also consider the operator expressions and some particular
results related to the non-homogeneous kernels and a homogeneous kernel of degree zero.
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1. Introduction

If p > 1; 1
pþ 1

q ¼ 1; f ðxÞ; gðyÞP 0; f 2 LpðRþÞ; g 2 LqðRþÞ,

kfkp ¼
Z 1

0
f pðxÞdx

� �1
p

> 0; kgkq > 0;

then we have the following Hardy–Hilbert’s integral inequality (cf. [1]):Z 1

0

Z 1

0

f ðxÞgðyÞ
xþ y

dxdy <
p

sinðp=pÞ kfkpkgkq; ð1Þ

with the best possible constant factor p
sinðp=pÞ.

If am; bn P 0; a ¼ famg1m¼1 2 lp
; b ¼ fbng1n¼1 2 lq,

kakp ¼
X1
m¼1

ap
m

( )1
p

> 0; kbkq > 0;

then we still have the discrete variant of the inequality (1) with the same best constant factor p
sinðp=pÞ, as follows:X1

m¼1

X1
n¼1

ambn

mþ n
<

p
sinðp=pÞ kakpkbkq: ð2Þ

Inequalities (1) and (2) are important in mathematical analysis and its applications (cf. [1–5,25]).
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In 1998, by introducing an independent parameter k 2 ð0;1�, Yang [6] provided an extension of (1) for p ¼ q ¼ 2. In 2009
and 2011, Yang [3,4] proved some extensions of (1) and (2) as follows:

If k1; k2; k 2 R; k1 þ k2 ¼ k , kkðx; yÞ is a non-negative homogeneous function of degree �k, with

kðk1Þ ¼
Z 1

0
kkðt;1Þtk1�1dt 2 Rþ;

/ðxÞ ¼ xpð1�k1Þ�1; wðyÞ ¼ yqð1�k2Þ�1; f ðxÞ; gðyÞP 0;

f 2 Lp;/ðRþÞ ¼ f ; kfkp;/ :¼
Z 1

0
/ðxÞjf ðxÞjpdx

� �1
p

<1
( )

;

g 2 Lq;wðRþÞ; kfkp;/; kgkq;w > 0;

then we haveZ 1

0

Z 1

0
kkðx; yÞf ðxÞgðyÞdxdy < kðk1Þkfkp;/kgkq;w; ð3Þ

where the constant factor kðk1Þ is the best possible. Moreover, if kkðx; yÞ is finite and

kkðx; yÞxk1�1 ðkkðx; yÞyk2�1Þ

is decreasing with respect to x > 0 ðy > 0Þ, then for am; bn P 0,

a 2 lp;/ ¼ a; kakp;/ :¼
X1
n¼1

/ðnÞjanjp
( )1

p

<1

8<:
9=;;

b ¼ fbng1n¼1 2 lq;w; kakp;/; kbkq;w > 0;

we haveX1
m¼1

X1
n¼1

kkðm;nÞambn < kðk1Þkakp;/kbkq;w; ð4Þ

where, the constant factor kðk1Þ is still the best possible.
For

k ¼ 1; k1ðx; yÞ ¼
1

xþ y
; k1 ¼

1
q
; k2 ¼

1
p
;

it is evident that (3) reduces to (1), while (4) reduces to (2). Some other results including multidimensional Hilbert-type
inequalities are studied in [7–24], which have provided some new methods for the study of these kinds of inequalities.

In this paper, by applying methods of weight functions and techniques of real analysis, we prove a multidimensional
Hilbert-type integral inequality with the best possible constant factor related to gamma function. An equivalent form and
some reverses are also obtained. Additionally, we consider the operator expressions and some particular results related to
the non-homogeneous kernels and a homogeneous kernel of degree 0.

2. Some lemmas

If m;n 2 N (N is the set of positive integers), a; b > 0, we set

kxka :¼
Xm

k¼1

jxkja
 !1

a

ðx ¼ ðx1; . . . ; xmÞ 2 RmÞ;

kykb :¼
Xn

k¼1

jykj
b

 !1
b

ðy ¼ ðy1; . . . ; ynÞ 2 RnÞ:

Lemma 1. If s 2 N; c;M > 0;WðuÞ is a non-negative measurable function in 0;1ð �, and

DM :¼ x 2 Rs
þ; 0 < u ¼

Xs

i¼1

xi

M

� �c
6 1

( )
;
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