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a b s t r a c t

The purpose of this paper is to introduce the mixed Agarwal–O’Regan–Sahu type iterative
scheme (Agarwal et al., 2007) for finding a common fixed point of the multi-valued nonex-
pansive mappings in the setting of hyperbolic spaces. Under suitable conditions, some
D-convergence theorems of the iterative sequence generated by the proposed scheme to
approximate a common fixed point of multi-valued nonexpansive mappings are proved.
The results presented in the paper extend and improve some recent results announced
in the current literature.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Throughout this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [1].
A hyperbolic space is a metric space ðX; dÞ with a mapping W : X2 � ½0;1� ! X satisfying the following conditions.

(i) dðu;Wðx; y;aÞÞ 6 ð1� aÞdðu; xÞ þ adðu; yÞ;
(ii) dðWðx; y;aÞ;Wðx; y; bÞÞ ¼ ja� bjdðx; yÞ;

(iii) Wðx; y;aÞ ¼Wðy; x; ð1� aÞÞ;
(iv) dðWðx; z;aÞ;Wðy;w;aÞÞ 6 ð1� aÞdðx; yÞ þ adðz;wÞ.

for all x; y; z;w 2 X and a; b 2 ½0;1�.
A nonempty subset K of a hyperbolic space X is said to be convex, if Wðx; y;aÞ 2 K for all x; y 2 K and a 2 ½0;1�.

Remark. It should be pointed out that if a metric space ðX; dÞ with a mapping W : X2 � ½0;1� ! X satisfying only condition
(i), then it coincides with the convex metric space introduced by Takahashi [2]. The concept of hyperbolic spaces given here is
more restrictive than the hyperbolic type defined by Goebel and Kirk [3], since the conditions (i)–(iii) together are equivalent
to (X, d) being a space of hyperbolic type in [3]. But it is slightly more general than the hyperbolic space defined in Reich and
Shafrir [4]. The class of hyperbolic spaces contains normed linear spaces and convex subsets, therefore the Hilbert ball
equipped with the hyperbolic metric [5], R-trees, Hadamard manifolds as well as CAT(0) spaces in the sense of Gromov (see
[6]).
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A hyperbolic space is said to be uniformly convex [7] if for any r > 0 and � 2 ð0;2�, there exists a d 2 ð0;1� such that for all
u; x; y 2 X,

d W x; y;
1
2

� �
;u

� �
6 ð1� dÞr;

provided dðx;uÞ 6 r; dðy;uÞ 6 r and dðx; yÞP �r.
A map g : ð0;1Þ � ð0;2� ! ð0;1� which provides such a d ¼ gðr; �Þ for given r > 0 and � 2 ð0;2�, is known as a modulus of

uniform convexity of X. g is said to be monotone, if it decreases with r (for a fixed �), i:e:, 8� > 0;8r2 P
r1 > 0 ðgðr2; �Þ 6 gðr1; �ÞÞ.

In the sequel, let ðX; dÞ be a metric space and let K be a nonempty subset of X . We shall denote the fixed point set of a
mapping T by FðTÞ ¼ fx 2 K : Tx ¼ xg.

K is called proximal, if for each x 2 X, there exists an element y 2 K such that

dðx; yÞ ¼ dðx;KÞ :¼ inf z2K dðx; zÞ:

In the sequel, we denote by CðKÞ the collection of all nonempty compact subsets of K , and denote by CBðKÞ, and PðKÞ the
collection of all nonempty closed bounded subsets, and nonempty proximal bounded subsets of K , respectively. The Haus-
dorff metric H on CBðXÞ is defined by

HðA;BÞ :¼max sup
x2A

dðx; BÞ; sup
y2B

dðy;AÞ
( )

; 8A; B 2 CBðXÞ

Let T : K ! CBðXÞ be a multi-valued mapping. An element x 2 K is said to be a fixed point of T , if x 2 Tx. A multi-valued map-
ping T : K ! CBðXÞ is said to be nonexpansive, if

HðTx; TyÞ 6 dðx; yÞ; 8x; y 2 K:

The existence of fixed points of various nonlinear mappings has relevant applications in many branches of nonlinear analysis
and topology. On the other hand, there are certain situations where it is difficult to derive conditions for the existence of
fixed points for certain types of nonlinear mappings. It is worth to mentioning that fixed point theory for nonexpansive map-
pings requires tools far beyond from metric fixed point theory. Iteration schemas are the only main tool for analysis of gen-
eralized nonexpansive mappings. Fixed point theory has a computational flavor as one can define effective iteration schemas
for the computation of fixed points of various nonlinear mappings. The problem of finding a common fixed point of some
nonlinear mappings acting on a nonempty convex domain often arises in applied mathematics.

The purpose of this paper is to introduce the mixed Agarwal–O’Regan–Sahu type iterative scheme [8] for finding a common
fixed point of the multi-valued nonexpansive mappings in the setting of hyperbolic spaces. Under suitable conditions some
D-convergence theorems of the iterative sequence generated by the proposed scheme to approximate a common fixed point
of multi-valued nonexpansive mappings are proved. The results presented in the paper extend and improve some recent
results announced in the current literature [7–22].

In order to define the concept of D-convergence in the general setting of hyperbolic spaces [23], we first recall some def-
initions, notations, and conclusions which will be needed in proving our main results.

Let fxng be a bounded sequence in a hyperbolic space ðX; dÞ. For x 2 X, we define a continuous functional
rð�; fxngÞ : X ! ½0;1Þ by

rðx; fxngÞ ¼ lim sup
n!1

dðx; xnÞ: ð1:1Þ

The asymptotic radius rðfxngÞ of fxng is given by

rðfxngÞ ¼ inffrðx; fxngÞ : x 2 Xg: ð1:2Þ

The asymptotic center AKðfxngÞ of a bounded sequence fxng with respect to K � X is the set

AKðfxngÞ ¼ fx 2 X : rðx; fxngÞ 6 rðy; fxngÞ; 8y 2 Kg: ð1:3Þ

This implies that the asymptotic center is the set of minimizer of the functional rð�; fxngÞ in K. If the asymptotic center is
taken with respect to X, then it is simply denoted by AðfxngÞ. It is known that uniformly convex Banach spaces and
CAT(0) spaces enjoy the property that ‘‘bounded sequences have unique asymptotic centers with respect to closed convex
subsets’’. The following Lemma is due to Leustean [25] and ensures that this property also holds in a complete uniformly
convex hyperbolic space.

Lemma 1.1 [25]. Let ðX; d;WÞ be a complete uniformly convex hyperbolic space with monotone modulus of uniform convexity g.
Then every bounded sequence fxng in K has a unique asymptotic center in K.

Recall that a sequence fxng in X is said to D-converge to x 2 X, if x is the unique asymptotic center of fung for every sub-
sequence fung of fxng. In this case, we write D� limn!1xn ¼ x and call x the D� limit of fxng.
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