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a b s t r a c t

k-Tridiagonal matrices have attracted much attention in recent years, which are a general-
ization of tridiagonal matrices. In this note, a breakdown-free numerical algorithm of OðnÞ
is presented for computing the determinants and the permanents of k-tridiagonal matrices.
Even though the algorithm is not a symbolic algorithm, it never suffers from breakdown.
Furthermore, it produces exact values when all entries of the k-tridiagonal matrices are
given in integer. In addition, the algorithm can be simplified for a general symmetric
Toeplitz case, and it generates the kth powers of Fibonacci, Pell, and Jacobsthal numbers
for a certain symmetric Toeplitz case.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

We consider the determinants and the permanents of the n-square k-tridiagonal matrix [16] of the form:
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The k-tridiagonal matrix includes some important classes of matrices such as a tridiagonal matrix and a constant-diag-
onals matrix [12,17], and some properties of the matrix have been found in [9,11,16].
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The determinant and the permanent of n� n matrix A ¼ ðaijÞ are defined as

detðAÞ :¼
X
r2Sn

sgnðrÞ
Yn

i¼1

airðiÞ; perðAÞ :¼
X
r2Sn

Yn

i¼1

airðiÞ;

where Sn represents the symmetric group of degree n, and it is well known that the exact computation of the permanent is in
general difficult, see e.g. [5] and references therein.

For computing the determinant of the matrix (1), a breakdown-free algorithm has very recently been found by El-Mik-
kawy [7], and then the algorithm has been used for computing the inversion [8]. Since the algorithm is a symbolic algorithm,
it does not suffer from breakdown. On the other hand, it may be time-consuming work when many symbolic names arise
during the symbolic computation. This motivates us to find a breakdown-free algorithm without using symbolic computa-
tion. For related work, see [18] for the determinant based on the LU factorization and [1] for the determinant and the per-
manent of the special case, i.e., k-tridiagonal Toeplitz matrix. Recent developments of algorithms for the determinants of
other matrices, see e.g. [2–4,6,10,13–15].

In this note, without using symbolic computation, a breakdown-free algorithm is presented for the determinant and the
permanent of the matrix (1).

2. Main result

Let ½j� be the equivalence class of the form ½j� :¼ fi 2 Nnji � j ðmodkÞg; where Nn :¼ fig16i6n, and let j½j�j be the number of
elements of ½j�. Then, Algorithm 1 can be used for computing the determinant and the permanent of the k-tridiagonal matrix.

Algorithm 1. An OðnÞ algorithm for detðTðkÞn Þ and perðTðkÞn Þ

1: set p ¼ �1 for the determinant or p ¼ 1 for the permanent.
2: for j ¼ 1;2; . . . ; k do:
3: cj ¼ dj

4: ckþj ¼ dkþj � cj þ p � bkþj � aj

5: for i ¼ 3;4; . . . ; j½j�j do:
6: ckði�1Þþj ¼ dkði�1Þþj � ckði�2Þþj þ p � bkði�1Þþj � akði�2Þþj � ckði�3Þþj

7: end for
8: end for

After running Algorithm 1, the determinant and the permanent are given by

detðTðkÞn Þ ¼
Yk

i¼1

cn�kþi ðif p ¼ �1Þ;

perðTðkÞn Þ ¼
Yk

i¼1

cn�kþi ðif p ¼ 1Þ:

8>>>>><
>>>>>:

ð2Þ

It may be interesting to see that Algorithm 1 has no division. Thus the algorithm never fails, even though it is not a sym-
bolic algorithm. Furthermore, the algorithm exactly produces the determinant and the permanent if all entries of TðkÞn are
given in integer, which will be seen in the next section. The proof of Algorithm 1 is given in Appendix A.

We now consider the special case where di ¼ a and ai ¼ bi ¼ b for all i, and we assume that there exists a number m
such that n ¼ mk, i.e., T ðkÞn to be k-tridiagonal symmetric Toeplitz matrix with the relation n ¼ mk. The resulting matrix is
denoted by Hn;kða; bÞ. In this case, since j½j�j ¼ m for all j, Algorithm 1 is simplified. The resulting algorithm is described in
Algorithm 2.

Algorithm 2. An OðnÞ algorithm for detðHn;kða; bÞÞ and perðHn;kða; bÞÞ

1: set p ¼ �1 for the determinant or p ¼ 1 for the permanent.
2: set u1 ¼ a

3: set u2 ¼ a � u1 þ p � b2

4: for i ¼ 3;4; . . . ;m do:

5: ui ¼ a � ui�1 þ p � b2 � ui�2

6: end for
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