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a b s t r a c t

Some three-point boundary value problems for a second-order ordinary differential equa-
tion with variable coefficients are investigated in the present paper. By using the integra-
tion method, the second-order three-point boundary value problems are transformed into
a Fredholm integral equation of the second kind. The solutions and Green’s functions for
some special cases of the second-order three-point boundary value problems can be deter-
mined easily. The existence and uniqueness of the solutions of the given Fredholm integral
equations are considered by using the fixed point theorem in Banach spaces. A new numer-
ical method is further proposed to solve the second-kind Fredholm integral equation and
an approximate solution is made. The convergence and error estimate of the obtained
approximate solution are further analyzed. Numerical results are carried out to verify
the feasibility and novelty of the proposed solution procedures.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Multipoint boundary value problems for ordinary differential equations can arise in solving linear partial differential
equations by using the separation variable method [1]. Moreover, in the engineering problem to increase the stability of a
rod, one also imposes a fixed interior point except for the ends of the rod [2]. Along this line, the solutions of multipoint
boundary value problems for ordinary differential equations have great significance in mathematical theory and practical
applications [3–5]. It is seen that the three-point boundary value problems for nonlinear second-order ordinary differen-
tial equations have attracted much attention [6–13]. On the other hand, it is significant to give the solutions and Green’s
functions of some three-point boundary value problems for linear second-order ordinary differential equations [9,14,15].
One can find that the solutions of linear three-point boundary value problems can be used in solving nonlinear ones
[9,15].

As shown in the above mentioned works, the existence and uniqueness of the solution are always focused on by using a
fixed point theorem. However, from the viewpoint of practical applications, one should give the explicit solutions or approx-
imate solutions of multi-point boundary value problems. In the present paper, we will generally consider the following
three-point boundary value problems for linear second-order ordinary differential equations with variable coefficients:

u00ðxÞ þ pðxÞu0ðxÞ þ qðxÞuðxÞ ¼ gðxÞ; x 2 ða; bÞ; ð1Þ
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with

uðaÞ ¼ a; uðbÞ þ kuðnÞ ¼ b; n 2 ða; bÞ; ð2Þ

or

uðaÞ þ luðnÞ ¼ a; uðbÞ ¼ b; n 2 ða; bÞ; ð3Þ

where the known functions pðxÞ 2 C1½a; b� and qðxÞ; gðxÞ 2 C½a; b�. a; b; k; l and n are the constants. By using the integration
method, the boundary value problems (1) with (2) or (3) will be transformed to a Fredholm integral equation of the second
kind. Then we gives sufficient conditions for the unique solution of the obtained Fredholm integral equations. A novel, simple
and efficient method is proposed to give the approximate solutions of Fredholm integral equations of the second kind.
Numerical examples are carried out to verify the proposed methods.

The paper is structured as follows. In Section 2, the integration method is applied to transform the boundary value prob-
lems (1) with (2) or (3) to a Fredholm integral equation of the second kind. The sufficient conditions for the unique solution
of the given Fredholm integral equation are shown in L2½a; b� by using the Banach fixed point theorem. Section 3 presents a
new numerical method to solve Fredholm integral equations of the second kind, and the convergence together with error
estimate of the approximate solution are made. Some numerical examples are calculated in Section 4 to show the effective-
ness of the proposed methods. Some main conclusions are shown in Section 5.

2. Fredholm integral equations

Now let us transform the boundary value problems (1) with (2) or (3) to a Fredholm integral equation of the second kind.
Then some special cases will be considered and their Green’s functions will be derived again. The theorems for the unique
solution of the obtained Fredholm integral equations will also be given.

2.1. Transformation method

It is convenient to define the function Vðx; tÞ as

Vðx; tÞ ¼ pðtÞ þ ðx� tÞ qðtÞ � p0ðtÞ½ � ð4Þ

and one has the following two theorems.

Theorem 1. If ðb� aÞ þ kðn� aÞ – 0, the boundary value problem

u00ðxÞ þ pðxÞu0ðxÞ þ qðxÞuðxÞ ¼ gðxÞ; x 2 ða; bÞ
uðaÞ ¼ a; uðbÞ þ kuðnÞ ¼ b; n 2 ða; bÞ

�
ð5Þ

is equivalent to the following Fredholm integral equation of the second kind

uðxÞ þ
Z b

a
K1ðx; tÞuðtÞdt ¼ h1ðxÞ; ð6Þ

where

K1ðx; tÞ ¼

ðb�xÞþkðn�xÞ
ðb�aÞþkðn�aÞVða; tÞ; a 6 t 6minðx; nÞ 6 b;
ða�xÞ

ðb�aÞþkðn�aÞVðb; tÞ; a 6 maxðx; nÞ 6 t 6 b;
ðb�xÞVða;tÞþkðn�aÞVðx;tÞ

ðb�aÞþkðn�aÞ ; a 6 n 6 t 6 x 6 b;
ða�xÞ½Vðb;tÞþkVðn;tÞ�
ðb�aÞþkðn�aÞ ; a 6 x 6 t 6 n 6 b;

8>>>>>><
>>>>>>:

ð7Þ

h1ðxÞ ¼
Z x

a
ðx� tÞgðtÞdt þ ða� xÞ

ðb� aÞ þ kðn� aÞ

Z b

a
ðb� tÞgðtÞdt þ k

Z n

a
ðn� tÞgðtÞdt

" #
þ ðb� xÞ þ kðn� xÞ
ðb� aÞ þ kðn� aÞa

þ ðx� aÞ
ðb� aÞ þ kðn� aÞb: ð8Þ

Proof. We integrate both sides of the differential equation in (5) with respect to x from a to x twice and get

uðxÞ þ
Z x

a
pðtÞ þ ðx� tÞ qðtÞ � p0ðtÞ½ �f guðtÞdt ¼

Z x

a
ðx� tÞgðtÞdt þ u0ðaÞ þ pðaÞuðaÞ½ �ðx� aÞ þuðaÞ: ð9Þ

In what follows, the boundary conditions in (5) are used to determine the unknowns u0ðaÞ and uðaÞ respectively. It is
assumed that x ¼ b in (9) and one has
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