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a b s t r a c t

In this paper, we consider a class of fractional integro-differential inclusions in Banach
spaces. This paper deals with the controllability for fractional integro-differential control
systems. First, we establishes a set of sufficient conditions for the controllability of frac-
tional semilinear integro-differential inclusions in Banach spaces via resolvent operators.
We use Bohnenblust–Karlin’s fixed point theorem to prove our main results. Further, we
extend the result to study the controllability concept with nonlocal conditions. An example
is also given to illustrate our main results.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

During last decades, fractional differential equations have been used as effective mathematical models of the dynamics of
many different processes through anomalous media in applied areas, for instance, in wave propagation, electromagnetism,
heat transfer, biology, signal processing, robotics, genetic algorithms, telecommunications, control theory and so on.
Moreover, many real complex physical systems have been represented more accurately through fractional derivative formu-
lation. In the recent years, there has been a significant development in ordinary and partial differential equations involving
fractional differential operators, see, for example, the monographs by Miller and Ross [34], Kilbas et al. [24], Lakshmikantham
et al. [27], Uchaikin [41], the papers [1,2,37,30] and the references therein. On the other hand, the fractional differential
inclusions arise in the mathematical modeling of certain problems in economics, optimal controls, etc., so the problem of
existence of solutions of differential inclusions and fractional differential inclusions has been studied by several authors
for different kind of problems (see, for example, [2,7,8,13,14,39,43,45,48,50] and references therein).

Controllability is one of the primary concept in mathematical control theory. The concept of controllability plays a major
role in both finite and infinite dimensional spaces, that is, systems represented by ordinary differential equations and partial
differential equations respectively. So it is natural to extend this concept to dynamical systems represented by fractional
differential equations. Many partial differential, fractional differential equations and integro-differential equations can be
expressed as fractional differential and integro-differential equations in some Banach spaces [4–7,13,14,16,17,29,31–
33,36,38,25,26,39,40,42–46,48,49].

Recently, Agarwal et al. [3] proved the existence and qualitative properties of an a resolvent operator for an abstract
fractional integro-differential problem of the form
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Da
t xðtÞ ¼ AxðtÞ þ

R t
0 Gðt � sÞxðsÞdsþ f ðtÞ; t 2 ð0; b�

xð0Þ ¼ x0; x0ð0Þ ¼ 0;

(

where a 2 ð1;2Þ. Since the appearance of such manuscript, several papers have addressed the issue of existence results and
controllability results for fractional differential equations via a resolvent operators [15,19–21,43,44], although many prob-
lem remain open on this interesting topic.

Motivated by the above works, this paper establishes a set of sufficient conditions for the controllability of fractional
semilinear integro-differential inclusions in Banach spaces of the form

Da
t xðtÞ 2 AxðtÞ þ

R t
0 Gðt � sÞxðsÞdsþ BuðtÞ þ Fðt; xðtÞÞ; t 2 I ¼ ½0; b�

xð0Þ ¼ x0; x0ð0Þ ¼ 0;

(
ð1Þ

where a 2 ð1;2Þ; A; ðGðtÞÞtP0 are closed linear operators defined on a common domain which is dense in a Banach space
X; cDa

0þthðtÞ ¼ Da
t hðtÞ represent the well known fractional Caputo derivative of order n� 1 < a < n of a suitable function h

is defined by

Da
t hðtÞ ¼

Z t

0
gn�aðt � sÞ dn

dsn hðsÞds;

where n is the smallest integer greater than or equal to a and gbðtÞ :¼ tb�1

CðbÞ ; t > 0; b > 0. The control function uð�Þ 2 L2ðI;UÞ, a
Banach space of admissible control functions. Further, B is a bounded linear operator from U to X, and F : I � X ! 2X n f;g is a
nonempty, bounded, closed and convex multivalued map.

To the best of our knowledge, the study of the controllability of fractional semilinear integro-differential inclusions in
Banach spaces of the form (1), is an untreated topic in the literature, this will be the main motivation of our paper. This paper
is organized as follows. In Section 3, we establish a set of sufficient conditions for the controllability of fractional semilinear
integro-differential inclusions in Banach spaces. In Section 4, we establish a set of sufficient conditions for the controllability
of fractional semilinear integro-differential inclusions with nonlocal conditions. An example is presented in Section 5 to
illustrate the theory of the obtained results.

2. Preliminaries

In what follows, we recall some definitions, notations and results that we need in the sequel. Throughout this paper,
ðX; k � kÞ is a Banach space and A; GðtÞ, for t P 0, are closed linear operators defined on a common domain D ¼ DðAÞ which
is dense in X. The notation ½DðAÞ� represents the domain of A endowed with the graph norm. Let ðZ; k � kZÞ and ðW; k � kWÞ be
Banach spaces. In this paper, the notation LðZ;WÞ stands for the Banach space of bounded linear operators from Z into W
endowed with the uniform operator topology and we abbreviate this notation to LðZÞ when Z ¼W . Furthermore, for appro-
priate functions K : ½0;1Þ ! Z the notation K̂ denotes the Laplace transform of K. The notation, Br ½x; Z� stands for the closed
ball with center at x and radius r > 0 in Z. On the other hand, for a bounded function x : ½0; a� ! Z and b 2 ½0; a�, the notation
kxkZ;b is defined by

kxkZ;b ¼ sup kxðsÞkZ : s 2 ½0; b�
� �

and we simplify this notation to kxkb when no confusion about the space Z arises.
To obtain our results, we assume that the abstract fractional integro-differential problem

Da
t xðtÞ ¼ AxðtÞ þ

Z t

0
Gðt � sÞxðsÞds; ð2Þ

xð0Þ ¼ z 2 X; x0ð0Þ ¼ 0; ð3Þ

has an associated a-resolvent operator of bounded linear operators ðRaðtÞÞtP0 on X.

Definition 2.1. A one-parameter family of bounded linear operators ðRaðtÞÞtP0 on X is called an a-resolvent operator of (2)–
(3) if the following conditions are verified.

(a) The function Rað�Þ : ½0;1Þ ! LðXÞ is strongly continuous and Rað0Þx ¼ x for all x 2 X and a 2 ð1;2Þ.
(b) For x 2 DðAÞ; Rað�Þx 2 Cð½0;1Þ; ½DðAÞ�Þ

T
C1ð½0;1Þ;XÞ, and

Da
tRaðtÞx ¼ ARaðtÞxþ

Z t

0
Gðt � sÞRaðsÞxds; ð4Þ

Da
tRaðtÞx ¼ RaðtÞAxþ

Z t

0
Raðt � sÞGðsÞxds; ð5Þ

for every t P 0.
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