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We establish new estimates for Stirling’s formula remainder r,,. This improves some known
results. Let 0(x) be defined by the relation:

T(x + 1) = V27(x/e)*e"®/(120,

We prove that ¢0”(x) is completely monotonic on (0, co). This implies the result given by
Mortici, who proved that —x~10"(x) is completely monotonic on (0, o).
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1. Introduction

Stirling’s formula
n n
|~ b —
n! 27rn(e> . omeN:={1,2,..} (1)
has many applications in statistical physics, probability theory and number theory. Actually, it was first discovered in 1733
by the French mathematician Abraham de Moivre (1667-1754) in the form
n! ~ constant - \/n(n/e)"

when he was studying the Gaussian distribution and the central limit theorem. Afterwards, the Scottish mathematician
James Stirling (1692-1770) found the missing constant v27 when he was trying to give the normal approximation of the
binomial distribution.

In 1940 Hummel [9] defined the sequence r, by

n n
| — ) e
n! 27n <e> e, (2)
and established
%<rn+ln\/2n<1A (3)

After the inequality (3) was published, many improvements have been given. For example, Robbins [18] established
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Nanjundiah [17] proved
1 1 1
T2n 360 <" < Tan’ ®)
Beesack [4] found the following result:
vt 1 << ! ! (6)
12n 360n3 " " 12n 30(7n(n41)+1)
(360 + 200t ) s

and recently Shi, Liu and Hu [19] provided the following result:
1 1 1 1

T2n 360m =" “12n 360n(n+ H(n+2) ° @)

Very recently, Chen and Batir [5] obtained the following sharp form of the inequality (4): For all integers n € N,

1 1
<
2ntaS""“12n+b

with the best possible constants
. 1
1-In(v2m)

Our first aim in this work is to establish new estimates for r, (see Theorem 1).
Euler’s gamma function:

—-12=0336317... and b=0.

o0
Tz - / #letdr,  Re(z) >0
0
is one of the most important functions in mathematical analysis and other areas of mathematics. The logarithmic derivative
of the gamma function:

o) =T

is known as the psi (or digamma) function. The derivatives of the psi function y(z):

W) = ), nen

are called the polygamma functions.
The gamma function I'(z + 1) can be represented as follows for Re(z) > 0,

z
Iz+1)= 2712(2) eh®,

It is well known that p(x) is completely monotonic on (0, o), since

_1 Q)
“(X)*Z/o (x+t)2dt’

where Q is periodic with period 1 and Q(t) =t —t? for0 < t < 1.
Recently, Shi, Liu and Hu [19] introduced the following generalized Stirling formula in a new approach (see [20, p. 253])

Fx+1) = \/Z_ﬂ(x/e)"ei)(x)/(lzx) "

and proved [19, Theorem 3] that 6(x) is a strictly increasing function for real numbers x > 1.

Very recently, Mortici [15] gave a complete characterization of the monotonicity of the function 6 on its domain (0, co).
Precisely, Mortici proved that 0 is strictly decreasing on (0, 8) and strictly increasing on (8, c0); where 8 = 0.34142... is the
unique solution of the equation

lnl"(x+1)+xw(x+1)—2xlnx+x—%

Moreover, the author showed that the function 0 is strictly convex on (0,00) and —x~10"(x) is completely monotonic on
(0,00). We recall that a function f is said to be completely monotonic on (0, co) if it has derivatives of all orders on (0, o)
and satisfies the following inequality:

In(2m) = 0.
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