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a b s t r a c t

This work is concerned with a bi-seasonal discrete time risk model for insurance. Specifi-
cally, the claims repeat with time periods of two units, i.e. claim distributions coincide at
all even instants and at all odd instants. Our purpose is to derive recursive formulas to cal-
culate the finite-time and ultimate ruin probabilities. Some numerical examples illustrate
the theoretical results.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The discrete time risk model is a classical collective model for insurance. In the homogeneous version of this model, the
insurer’s surplus at each time moment n 2 N0 :¼ f0;1;2; . . .g is described by the following equation:

WuðnÞ ¼ uþ n�
Xn

i¼1

Zi; ð1:1Þ

where u 2 N0 is the initial insurer’s surplus. Claim amounts Z1; Z2; . . . are assumed to be independent copies of a nonnegative
integer-valued random variable Z. It is evident that this random variable and the initial surplus u generate the discrete time
risk model. The claim amount generator Z is of probability mass function (p.m.f.)

PðZ ¼ kÞ ¼ zk; k ¼ 0;1; . . . ;

or by the distribution function (d.f.)

FZðxÞ ¼
X½x�
k¼0

zk; x 2 R;

where ½x� is the integer part of x.
This model has been extensively investigated by Dickson ([9,10]), De Vylder and Goovaerts ([7,8]), Gerber [12], Seal [24],

Shiu ([25,26]), Picard and Lefèvre ([20–22]), Lefèvre and Loisel [15], Leipus and Šiaulys [17], Tang [27] and other authors.
The time of ruin, the ruin probability and the finite time ruin probability are the main extremal characteristics of discrete

time risk model in (1.1). The first time Tu when the surplus Wu becomes negative or null is called the time of ruin, i.e.

Tu ¼
inf fn P 1 : WuðnÞ 6 0g;
1 if WuðnÞ > 0 for all n 2 N:
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The probability of ruin until time moment T 2 N is called the finite time ruin probability and is defined by equality

wðu; TÞ ¼ PðTu 6 TÞ:

The infinite time or ultimate ruin probability is defined by equality

wðuÞ ¼ PðTu <1Þ:

Clearly,

wðu; TÞ ¼ P
[T
n¼1

uþ n�
Xn

i¼1

Zi 6 0

( ) !
¼ P max

16n6T

Xn

i¼1

ðZi � 1ÞP u

 !
;

wðuÞ ¼ P sup
nP1

Xn

i¼1

ðZi � 1ÞP u

 !
;

wðu; TÞ % wðuÞ; T !1: ð1:2Þ

Several formulas and procedures for computing finite time ruin probability have been proposed in the literature. Here we
present some of them.

� The Seal’s formula (see [24]):

wðu; TÞ ¼ 1�
XuþT�1

j¼0

z�Tj þ
XuþT�1

j¼uþ1

z�ðj�uÞ
j

XuþT�1

n¼j

T þ u� n
T þ u� j

z�ðTþu�jÞ
n�j

 !
; T ¼ 1;2; . . . :

Here, z�mj ; j 2 N0; m 2 N :¼ f1;2; . . .g, denote the local probabilities: z�mj ¼ PðZ1 þ . . .þ Zm ¼ jÞ, where Z1; . . . ; Zm are
independent copies of random claim amount Z.

� The Picard-Lefèvre formula (see [20]):

wðu; TÞ ¼ 1�
Xu

j¼0

z�Tj þ bz �ðj�uÞ
j

XuþT�1

n¼uþ1

T þ u� n
T þ u� j

z�ðTþu�jÞ
n�j

 !
; T ¼ 1;2; . . . :

Here, z�mj ; j 2 N0; m 2 N, are the same as in Seal’s formula, and

bz�tj ¼ zt
0

Xj

k¼1

tðt � 1Þ . . . ðt � kþ 1Þ
k!

1� z0

z0

� �k

PðbSk ¼ jÞ; j 2 N 0; t 2 Z;

where bS0 ¼ 0; bSk ¼ bZ1 þ . . .þ bZk; k 2 N, with independent identically distributed (i.i.d.) random variables bZ1; bZ2; . . ., dis-
tributed according to d.f. PðZ 6 x jZ P 1Þ.
The Picard–Lefèvre formula has many generalizations and extensions which can be applied in various insurance risk mod-
els (see [5,6,23]).
� The recursive formula (see, for instance, [7,11,10]):

wðu;1Þ ¼ 1� FZðuÞ;

wðu; TÞ ¼ wðu;1Þ þ
Xu

k¼0

wðuþ 1� k; T � 1Þzk; T ¼ 2;3; . . . :

Obtaining wðu; TÞ for large T, due to formula (1.2) we get the lower bound for the ultimate ruin probability. If there exists a
suitable estimate of wðu; TÞ for all large T, using the same formula the upper bound for wðuÞ can be obtained.

On the other hand, there is a recursive procedure to calculate the values of the infinite time ruin probability. Namely,
under assumption EZ < 1 we have that:

wð0Þ ¼ EZ;

wðuÞ ¼
Xu�1

j¼1

ð1� FZðjÞÞwðu� jÞ þ
X1
j¼u

ð1� FZðjÞÞ; u ¼ 1;2; . . .

8>><>>: ð1:3Þ

according to [10] (see also [11,25]). If EZ P 1, then the model does not satisfy the net profit condition and, in such a case, we
have that wðuÞ ¼ 1 for all u 2 N according to the general theory on the renewal risk models (see, for instance, [19] and
references therein).

There exist many other methods which allow to calculate or estimate the ultimate ruin probability. Some of them can be
found in [1,18,21,28].
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