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a b s t r a c t

The existence of Maximum Entropy solution for the reduced Hamburger moment problem
is reconsidered. Existence conditions, previously appeared in literature, are revisited allow-
ing an easy way to identifying the existence of Maximum Entropy solution. The obtained
results suggest that, except for special sequences of moments unknown a priori, the Max-
imum Entropy solution for the non symmetric reduced Hamburger moment problem
exists. For practical purposes, the replacing of the support R with a large enough finite
interval finds a theoretical warranty. The symmetric case may be formulated as follows:
once assigned the first 2M moments, if MaxEnt density does not exist (conclusion drawn
uniquely from numerical evidence), MaxEnt density with the first 2M � 2 moments exists.
In such a case, even if the first 2M moments are known, we have to settle for a density
which carries less information. Theoretical results are illustrated through some numerical
examples.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The reduced Hamburger moment problem consists of recovering an unknown probability density function (pdf) f ðxÞ, with
support R, from the knowledge of its associated sequence fljg

2M
j¼1

of moments [1, p.28], with

lj ¼
Z

R

xjf ðxÞdx; j ¼ 1; . . . ;2M; l0 ¼ 1: ð1:1Þ

The recovering of f from fljg
2M
j¼1

is not unique and we call D2M the set of solutions such that

lðf Þ ¼:

Z
R

xjf ðxÞdx; j ¼ 0; . . . ;2M; 8f 2 D2M: ð1:2Þ

A common way to regularize the problem is the Maximum Entropy (MaxEnt) technique in which a solution of (1.2) is ob-
tained maximizing the Shannon-entropy H½f � ¼ �

R
R

f ðxÞ ln f ðxÞdx under the constraint (1.1). It is well-known that a pdf of
the form

f2MðxÞ ¼ exp �
X2M

j¼0

kjxj

 !
¼: expk ð1:3Þ

has the largest entropy of all functions having the first 2M moments in common with f. Here k ¼ ðk0; . . . ; k2MÞ is the vector of
Lagrange multipliers, with k2M P 0 to guarantee integrability. f2M is supplemented by
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lj ¼
Z

R

xjf2MðxÞdx; j ¼ 0; . . . ;2M: ð1:4Þ

When k2M > 0, higher moments l2Mþ1 and l2Mþ2 are obtained integrating (1.4) by parts

2l1 ¼
X2M

j¼1

jkjljþ1; 3l2 ¼
X2M

j¼1

jkjljþ2: ð1:5Þ

The required integrability of expk restricts the multipliers vector to the set

K ¼ fk 2 R2Mþ1 : expk 2 L1ðRÞg

For k 2 K the moments of expk in any order are well defined so that the collection of integrable exponential densities

E2M ¼ fexpk : k 2 Kg

is a subset of D2M . In general lðD2MÞ (the interior of moment space) will include strictly lðE2MÞ (the moment space relative to
the MaxEnt densities). Therefore, there are admissible moment vectors l 2 lðD2MÞ for which the moment problem (1.1) is
solvable, but the MaxEnt problem (1.4) has no solution. The procedure in [2] to obtain lðE2MÞ � lðD2MÞ is reported below
step by step.

� Pick any k 2 K \ @K (@K indicates the boundary of K). k 2 K \ @K implies highest component k2M ¼ 0.
� Calculate the moment vector lk ¼ lðexpkÞ.
� Add any positive number to the highest component l ¼ lk þ �e2Mþ1, � > 0.

Then l 2 lðD2MÞ is an admissible vector, but the MaxEnt problem with constraints l has no solution. After introducing the
order relation

ðu0; . . . ;u2MÞP ðv0; . . . ; v2MÞ () u0 ¼ v0; . . . ;u2M�1 ¼ v2M�1;u2M P v2M

[2, Theorem 4] sounds as follows.
Theorem 1 [2, Theorem 4].

lðD2MÞ n lðE2MÞ ¼ fl : l > lðexpkÞ; k 2 K \ @Kg:

In particular, MaxEnt problem is solvable if and only if l 2 lðD2MÞ satisfies l� lðexpkÞ for all k 2 K \ @K.
Integrability of expk follows certainly when the highest Lagrange multiplier is positive. However, also in the case k2M ¼ 0,

integrability is possible provided k2M�1 ¼ 0 and ðk0; . . . ; k2M�2Þ ensures integrability. Then the author [2] finds recursively for
an arbitrary 2M

K2M ¼ fðk0; . . . ; k2MÞ : k2M > 0g [ fðk0; . . . ; k2M�2;0; 0Þ : ðk0; . . . ; k2M�2Þ 2 K2M�2g:

In particular, the crucial set K2M \ @K2M is given by

K2M \ @K2M ¼ fðk0; . . . ; k2M�2; 0;0Þ : ðk0; . . . ; k2M�2Þ 2 K2M�2g:

Now the actual problem in MaxEnt setup is: once given fljg
2M
j¼1

does the MaxEnt density f2M exist? Evidently the answer
l� lðexpkÞ for all k 2 K \ @K provided by Theorem 1 and by the above recursive procedure on K2M does not much help
the practitioners of MaxEnt technique. Our purpose in this paper amounts to providing an answer to the above problem.
In our main result we reformulate Theorem 1 through a constructive procedure enabling to give a quick answer to the exis-
tence of MaxEnt density. The obtained results are summarized in the here below Theorem 2 as follows

1. In the non symmetric reduced Hamburger moment problem, once fljg
2M
j¼1
2 lðD2MÞ are assigned, the existence of a

MaxEnt solution f2M is guaranteed except for special sequences of moments unknown a priori. So that, excluding the latter
ones, the positivity of the Hankel determinants, which is necessary condition of the solvability of the reduced Hamburger
moment problem, guarantees the existence of f2M . The results here obtained provide a theoretical background to the usual
practice, in the approximation framework, which amounts to replacing the support R with an arbitrarily large interval
½a; b�. Then the problem is numerically solved within a proper interval ½a; b�, changing the original Hamburger problem
into Hausdorff moment problem. In MaxEnt setup the latter admits a solution [2, Theorem 2] for each sequence
fljg

2M
j¼1
2 lðD2MÞ. Then we might be led to the unpleasant fact that a MaxEnt solution always exists, although the original

Hamburger moment problem does not admit any solution. From the main result here obtained such an event seems rare,
so that the above practice has low probability to fail and may be considered a suitable tool to recover a probability
density.

2. The symmetric reduced Hamburger moment problem (i.e. l2j�1 ¼ 0;1 6 j 6 M) sounds as follows: if from numerical evi-
dence the MaxEnt density f2M does not exist, f2M�2 exists. Then we settle for f2M�2, although the first 2M moments are
known.
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