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a b s t r a c t

Some results on the existence of bounded solutions together with their first derivatives of a
class of neutral systems of functional differential equations with complicated deviations,
which extend and unify numerous results in the literature, are proved.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Special cases of the following system of functional differential equations, which is partially solved with respect to the first
derivatives of dependent variables,

x0ðt þ 1Þ ¼ Ax0ðtÞ þUðt; xðtÞ; xðf1ðt; xðtÞÞÞ; x0ðf2ðt; xðtÞÞÞÞ; ð1Þ

where t 2 Rþ ¼ ½0;1Þ; U : Rþ � ðRNÞ3 ! RN; f i : Rþ � RN ! Rþ; i ¼ 1;2, have attracted some attention among the experts
in the research field (see, for example, [1,14,19,20,22,23,44,47,48]). For some other results on systems/equations not solved
with respect to the highest-order derivatives, see, for example, [3–13,16–18,21,24,38,40,46,49]. Based on the idea of itera-
tions of some iterative processes (see, for example, [2,15,25–37,42]) in [38–41,43–47], we proposed the investigation of var-
ious types of systems/equations with continuous arguments, whose deviations of an argument depend on an unknown
function which depend also of the function and so on, so called, iterated deviations.

Motivated by the line of investigations in the papers [4,13,16,17,21,22,38,39,44,46–48], here we investigate the existence
of bounded C1 solutions of the next system of functional differential equations

x0ðt þ 1Þ ¼ Ax0ðtÞ þUðt; xðv ð1Þ1 ðtÞÞ; . . . ; xðv ðkÞ1 ðtÞÞ; x0ðu
ð1Þ
1 ðtÞÞ; . . . ; x0ðuðlÞ1 ðtÞÞÞ; ð2Þ

on Rþ, where

v ðjÞr ðtÞ ¼ ujrðt; xðuj rþ1ðt; . . . xðujmj
ðt; xðtÞÞÞ . . .ÞÞÞ;

uðiÞp ðtÞ ¼ wipðt; xðwi pþ1ðt; . . . xðwili
ðt; xðtÞÞÞ . . .ÞÞÞ;

j ¼ 1; k; r ¼ 1;mj; i ¼ 1; l; p ¼ 1;li, U : Rþ � ðRNÞkþl ! RN , ujr;wip : Rþ � RN ! Rþ; j ¼ 1; k, r ¼ 1;mj; i ¼ 1; l; p ¼ 1;li;A is a
nonsingular matrix, extending and unifying numerous results in the literature.

We use also the following convention

v ðjÞmjþ1ðtÞ ¼ uðiÞliþ1ðtÞ ¼ t; j ¼ 1; k; i ¼ 1; l: ð3Þ
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As usual, by CðRþÞ we denote the space of continuous vector functions on Rþ, while by C1ðRþÞ the space of all continuously
differentiable vector functions on Rþ. The subspace of C1ðRþÞ consisting of all bounded vector functions together with their
first derivatives on Rþ is denoted by BC1ðRþÞ. The norm on BC1ðRþÞ is

kxkBC1ðRþÞ ¼max kxk1; kx0k1
� �

¼max sup
t2Rþ
jxðtÞj; sup

t2Rþ
jx0ðtÞj

( )
;

where for y 2 RN; jyj denotes a norm on RN .
The following folklore lemma, which can be found, for example, in [46], will be frequently applied in the proofs of our

main results.

Lemma 1. Assume that ðanÞn2N and ðbnÞn2N are two sequences of nonnegative numbers, and that sequence ðxnÞn2N satisfies the
inequality

xn 6 an þ bnxnþ1; n 2 N:

Then

x1 6
Xk�1

j¼1

aj

Yj�1

i¼1

bi þ xk

Yk�1

i¼1

bi; k 2 N:

2. Main results

First, we give a list of some conditions which will be used in the formulations of the main results in this paper.

(a) Vector function Uðt; x1; . . . ; xkþlÞ is continuous for t 2 Rþ; xj 2 RN; j ¼ 1; kþ l,

Uðt;0; . . . ;0Þ � 0; ð4Þ

jUðt; x01; . . . ; x0kþlÞ �Uðs; x001; . . . ; x00kþlÞj 6 c0ðt; sÞjt � sj þ
Xkþl

j¼1

cjðt; sÞjx0j � x00j j; ð5Þ

where cjðt; sÞ; j ¼ 0; kþ l are continuous and nonnegative functions for t; s 2 Rþ, and x0j; x
00
j 2 RN , j ¼ 1; kþ l;

(b) ujrðt; xÞ; j ¼ 1; k; r ¼ 1;mj, and wipðt; xÞ; i ¼ 1; l; p ¼ 1;li, are continuous and nonnegative functions for t 2 Rþ and
x 2 RN , and

jujrðt; xÞ �ujrðs; yÞj 6 kð1Þjr jt � sj þ kð2Þjr jx� yj; j ¼ 1; k; r ¼ 1;mj; ð6Þ

jwipðt; xÞ � wipðs; yÞj 6 kð3Þip jt � sj þ kð4Þip jx� yj; i ¼ 1; l; p ¼ 1;li; ð7Þ

for every t; s 2 Rþ, and x; y 2 RN , and for some positive constants kð1Þjr ; kð2Þjr ; j ¼ 1; k; r ¼ 1;mj; kð3Þip ; kð4Þip ; i ¼ 1; l; p ¼ 1;li;
(c) for every j ¼ 0; kþ l, the series

Cjðt; sÞ ¼
X1
i¼0

jA�1jiþ1cjðt þ i; sþ iÞ and GjðtÞ ¼
X1
i¼0

jA�1jiþ1
Z 1

t
cjðsþ i; sþ iÞds;

converge uniformly for t; s 2 Rþ, and for some d 2 ð0;1Þ, satisfy the condition

max sup
t;s2Rþ

Xkþl

j¼0

Cjðt; sÞ; sup
t2Rþ

Xkþl

j¼0

GjðtÞ
( )

6 d: ð8Þ

Theorem 1. Suppose that conditions (a)–(c) hold. Then for any BC1ðRþÞ solution of system (2), such that

lim
t!þ1

jxðt þ 1Þ � AxðtÞj ¼ 0; ð9Þ

and

jx0ðtÞ � x0ðsÞj 6 Ljt � sj ð10Þ

for every t; s 2 Rþ and some L > 0, there is a C1 vector function a with the Lipschitz first derivative and such that

aðt þ 1Þ ¼ AaðtÞ; ð11Þ

lim
t!þ1

jxðtÞ � aðtÞj ¼ 0: ð12Þ
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