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a b s t r a c t

In this paper, we consider a near-optimal harvesting control problems for stochastic age-
structured population system. We establish necessary and sufficient conditions for near-
optimality. These conditions are described by adjoint equations and a nearly maximum
condition on the Hamiltonian. The proof of the main result is based on Ekeland’s variational
principle and the adjoint processes with respect to the control variable. As is well known,
optimal controls may fail to exist even in simple cases. This justifies the use of near-
optimal controls, which exist under minimal assumptions and are sufficient in most
practical cases. At last, an example is given for illustrating our results.

� 2013 Published by Elsevier Inc.

1. Introduction and Model

Recently, the near-optimal control problem has become increasingly popular in stochastic differential equations, espe-
cially, because it provides an appealing framework for the analysis of control problem, such as Bahlali [1] studied necessary
and sufficient conditions for near-optimality in stochastic control of FBSDEs, Huang [2] researched near-optimal control
problems for linear forward–backward stochastic system, and near-optimal control for stochastic recursive problems was
discussed by Hui [3].

We consider the following stochastic age-dependent system:

@p
@t þ

@p
@r ¼ �uðr; tÞp� lðr; tÞpþ f ðr; t; pÞ þ gðr; t; pÞ dwt

dt ;

pð0; tÞ ¼ bðtÞ
R r2

r1
mðr; tÞpðr; tÞdr;

pðr;0Þ ¼ p0ðrÞ;
�pðtÞ ¼

R A
0 pðr; tÞdr;

8>>>><>>>>: ð1:1Þ

where p ¼ pðr; tÞ, Q :¼ ð0;AÞ � ½0; T�; t 2 ð0; TÞ; r 2 ð0;AÞ; A is the life expectancy, and 0 < A < þ1; ½r1; r2� is the fertility
interval.

Though this paper:
pðr; tÞ denotes the population density of age r at time t;
lðr; tÞ denotes the mortality rate of age r at time t;
mðr; tÞ is defined as the ratio of females of age r at time t;
bðtÞ denotes the fertility rate of females of age r at time t;
p0ðrÞ is the initial age distribution;
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�pðtÞ is the total population at time t;
uðr; tÞ is the harvesting effort function, which is the control variable in the model and satisfies:

uðr:tÞ 2 Uad :¼ fz 2 L2ðQÞ : 0 6 .1 6 z 6 .2 a.e. in Qg, where .1;.2 2 L2ðQÞ;
f ðr; t; pÞ þ gðr; t; pÞ dwt

dt denotes the stochastically perturbation, effecting of external environment for population system,
such as earthquake, emigration and so on.

For the system (1.1), there have many works studied the existence uniqueness and exponential stability of the solution
convergence of numerical solution. Zhang studied the existence, uniqueness and exponential stability numerical solutions
problems and convergence of numerical solutions [4–6]. For deterministic system (when g ¼ 0), there has been many works
on the optimal control problem. For example, Rorres [7] investigated optimal age specific harvesting policy continuous-time
population model. For the McKendrick model of population dynamics, Murphy [8] investigated maximum sustainable yield
problem for an age-structured population. They obtained optimal solution which was attainable by a bimodal harvesting
policy. Chan [9] studied optimal birth control of population systems of McKendrick type which was a distributed parameter
system involving first order partial differential equations with nonlocal bilinear boundary control. Anita [10] discussed opti-
mal harvesting for a nonlinear age-dependent population dynamics. Barbu [11] concerned with the optimal control problem
for a Gurtin-Mac-Camy type system describing the evolution of an age-structured population. Necessary optimality condi-
tions were established in the form of an Euler–Lagrange system and existence of an optimal control. Anita [12] discussed
analysis and control of age-dependent population dynamics. The optimality conditions for age-structured control system
were given by Gustav [13].

As we all know, few results were obtained on the topic of near-optimal control problems of stochastic age-structure. The
aim of this paper is to study near-optimality. More precisely speaking, the necessary as well as sufficient conditions of near-
optimality are established. These conditions are described in terms of an adjoint process, corresponding to the stochastic
partial differential equations components and a nearly maximum condition on the Hamiltonian. Our main results are based
on the Ekeland’s variational principle. This paper is an extension of [4]-[10].

This paper is organized as follows: In Section 2, we give the assumptions, notations, some basic definitions and some Lem-
mas. In Section 3 and Section 4, we establish necessary and sufficient conditions of near optimality. In Section 5, we provide
an example to illustrate our results.

2. Preliminaries of the problem

In this paper, let

V ¼ H1ð½0;A�Þ � uju 2 L2ð½0;A�Þ; @u
@x
2 L2ð½0;A�Þ; where

@u
@x

are generalized partial derivatives
� �

:

V 0 ¼ H�1ð½0;A�Þ is the dual space of V. We denote by j � j and k � k the norms in V and V 0 respectively, by h�; �i the duality prod-
uct between V ;V 0, and by ð�; �Þ the scalar product in H. For an operator B 2 LðK;HÞ be the space of all bounded linear operators
from K into H, we denote by kBk2 the Hilbert–Schmidt norm, i.e.

kBk2
2 ¼ trðBWBTÞ:

Let ðX;F ; PÞ be a complete probability space with a filtrations fF tgtP0 satisfying the usual conditions (i.e., it is increasing
and right continuous while F 0 contains all P-null sets). Let wð�Þ be a Wiener process defined on the complete probability
space and taking its values in the separable Hilbert space K. Let ðF tÞtP0 be the r-algebras generated by fws;0 6 s 6 tg, then
wt is a martingale relative to ðF tÞtP0.

Let C ¼ Cð½0; T�; VÞ be the space of all continuous function from ½0; T� into V with sup-norm
kwkC ¼ sup06s6T jwðsÞj; L

p
V ¼ Lpð½0; T�; VÞ and Lp

H ¼ Lpð½0; T�; HÞ.
Here, without loss of generality, the expected cost on the time interval ½0; T� is

Jðuðr; tÞÞ ¼ E
Z T

0

Z A

0
pðr; tÞdrdt

� �
¼ E

Z T

0

�pðtÞdt
� �

and the value function is defined as follows:

U ¼ sup
uðr;tÞ2Uad ½0;T�

Jðuðr; tÞÞ:

Since the objective of this paper is to study near-optimal rather than optimal controls of the system, we give the precise
definition of near-optimality as given in [2].

Definition 1 (e-optimal [2]). For a given e > 0;ueð�; �Þ is called e-optimal if

jJðueð�; �ÞÞ � Uj 6 nðeÞ

holds for sufficiently small e, where n is a function of e satisfying nðeÞ ! 0 as e! 0, The estimate nðeÞ is called an error bound.
If nðeÞ ¼ Ced for some d > 0 independent of the constant C, then ueð�; �Þ is called near-optimal with order ed.
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