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a b s t r a c t

In the paper we introduce general classes of multivalent analytic functions defined by the
subordination. In particular, we define the class of multivalent prestarlike functions. By
using the Ruscheweyh’s duality theory we investigate convolution properties related to
multivalent prestarlike functions and various inclusion relationships between defined clas-
ses of functions. Some applications involving well-known classes of functions defined by
linear operators are also considered.
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Introduction

LetA denote the class of functions which are analytic in U :¼ fz 2 C : zj j < rg. We denote byAp ðp 2 N0 :¼ 0;1;2; . . .f gÞ the
class of functions f 2 A of the form

f ðzÞ ¼ zp þ
X1

n¼pþ1

anzn ðz 2 UÞ: ð1Þ

Let V � A0. We define the dual setof V by

V� :¼ q 2 A0 : ðq � hÞðzÞ– 0 ðh 2 V; z 2 UÞf g:

Moreover, let us denote

T ðbÞ :¼ ð1þ xzÞ
ð1þ yzÞb

: xj j ¼ yj j ¼ 1

( )
ðb P 0Þ;

H :¼ T ð1Þ½ ��; Hk :¼ qk : q 2 H
� �

ðk P 0Þ;

Kð0; kÞ :¼ q 2 A0 : R
zq0ðzÞ
qðzÞ

� �
> � k

2
ðz 2 UÞ

� �
;

Kðk;bÞ :¼ qh : q 2 Hk and h 2 Kð0;b� kÞ
� �

ð0 6 k 6 bÞ:

It is clear that

V1 � V2 ) V�2 � V�1 ð2Þ

and
0 6 k 6 b1 6 b2 ) Kðk;b1Þ � Kðk;b2Þ: ð3Þ

Let /;u 2 Ap and let ha;a < p, be a function univalent and convex in U with

hað0Þ ¼ 1; R phaðzÞ½ � > a ðz 2 UÞ: ð4Þ
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We denote by Wpð/ðzÞ;uðzÞ; haðzÞÞ (or simply Wpð/;u; haÞ) the classof functions f 2 Ap such that

ð/ � f ÞðzÞ
ðu � f ÞðzÞ � haðzÞ:

Moreover, let us denote

Wpðu; haÞ :¼ Wp
zu0ðzÞ

p
;u; ha

� �
;

WpðhaÞ :¼ Wp
zp

1� z
; ha

� �
;

S�pðu;aÞ :¼ Wp u;
pþ ðp� 2aÞz

1� z

� �
:

In particular, the classes

S�pðaÞ :¼ S�p
zp

1� z
;a

� �
; Sc

pðaÞ :¼ S�p
zpð1þ ð1� pÞzÞ

pð1� zÞ2
; a

 !

are the classes of multivalent starlike functions of order a and multivalent convex functions of order a, respectively. By (4) it is
clear that

WpðhaÞ � S�pðaÞ; Wpðu; haÞ � S�pðu;aÞ ð5Þ

and

f 2 Wðu; haÞ () f �u 2 WðhaÞ: ð6Þ

The class

RpðcÞ :¼
S�p zp

ð1�zÞ2ðp�cÞ ; c
� 	

for c < p

Wp
zp

1�z ; z
p; 1

1�z


 �
for c ¼ p

8<
:

will be called the class of multivalent prestarlike functions of order c. The class RðcÞ :¼ R1ðcÞ is the well-know class of pre-
starlike functions of order c introduced by Ruscheweyh [18]. A simple calculation shows that f 2 RpðcÞ if and only if

f ðzÞ � zp

ð1�zÞ2ðp�cÞ 2 S�pðcÞ for c < p

R f ðzÞ
zp

� 	
> 1

2 for c ¼ p

8<
: :

We say that a function f 2 Ap belongs to the class Cpð/;u; haÞ if there exists g 2 Wpðu; haÞ such that

ð/ � f ÞðzÞ
ðu � gÞðzÞ � haðzÞ:

The condition (6) defines the linear operator J :Wðu; haÞ ! WðhaÞ; Jðf Þ ¼ f �u. If uðkÞð0Þ– 0 ðk ¼ p; pþ 1; . . .Þ, then the
operator J is one-to-one and the class Cpð/;u; haÞ contains the functions f 2 Ap for which there exists a function g 2 WpðhaÞ
such that ð/�f ÞðzÞgðzÞ � haðzÞ. Then, we can omit the function u as the parameter of the class and we can denote it by Cpð/; haÞ i.e.

Cpð/; haÞ :¼ Cp /;
zp

1� z
; ha

� �
: ð7Þ

In particular, the class

CC :¼ C1
z

ð1� zÞ2
;
1þ z
1� z

 !

is the well-known class of close-to-convexfunctions with parameter b ¼ 0. It is clear that

Wpð/; z; haÞ ¼ Cpð/; z; haÞ � Cpð/;u; haÞ � Cpð/; haÞ: ð8Þ

These general classes reduced to well-known subclasses by judicious choices of the parameters. Also, there have been
already several works on classes defined by convolution and subordination, notably the work [20], as well as those in
[1,3,8,13,25].

For complex parameters a1; . . . ; aq and b1; . . . ; bs ðr 6 sþ 1; r; s 2 N :¼ N0 n 0f g; bj – 0;�1;�2; . . . ; j ¼ 1; . . . ; sÞ, the gener-
alized hypergeometric function rFsða1; . . . ; ar ; b1; . . . ; bs; zÞ, is defined by
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