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In this paper, we characterize the idempotency, the invertibility or generalized invertibil-
ity, the positivity and the range relations of the commutator C ¼ PQ � QP and the anticom-
mutator D ¼ PQ þ QP involving idempotents. Particular attention is paid to the idempotent
operators P and Q, and some further characteristics when P and Q are positive are derived
as well.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let BðHÞ denote the set of all bounded linear operators on a complex Hilbert space H. For A 2 BðHÞ, we shall denote by
A�;NðAÞ and RðAÞ the adjoint of A, the null space and the range of A, respectively. A is said to be positive if ðAx; xÞP 0 for all
x 2 H. If A is positive, the positive square root of A is denoted by A

1
2 (see [8,22]). For two operators P;Q 2 BðHÞ, the commu-

tator and the anticommutator of P and Q are the operators

C ¼ PQ � QP and D ¼ PQ þ QP; ð1Þ

respectively [25]. Commutators and anticommutators arise naturally in many aspects of operator theory, and they play an
important role in this theory. It is well known that the set of commutators is dense in the set of all operators [4, p. 124].

An operator T is called generalized invertible, if there is an operator S such that ðIÞ TST ¼ T.The operator S is not unique in
general. In order to guarantee its uniqueness, further conditions have to be imposed. The most likely convenient additional
conditions are

ðIIÞ STS ¼ S; ðIIIÞ ðTSÞ� ¼ TS; ðIVÞ ðSTÞ� ¼ ST; ðVÞ TS ¼ ST:

Elements S 2 BðHÞ satisfying (I, II, III, IV) are called Moore–Penrose inverses (for short MP-inverses), denoted by S ¼ Tþ. It is
well known that T has the MP-inverse if and only if RðTÞ is closed, and the MP-inverse of T is unique (see [2,5,23,24,26,27]).
Similarly, (I, II, V)-inverses are called group inverses, denoted by S ¼ T#. Moreover, (I, II, III, IV, V)-inverses are called EP ele-
ments (i.e., Tþ ¼ T#). One also considers ðIkÞ TkST ¼ Tk with some k 2 Zþ. Clearly, ðIÞ ¼ ðI1Þ. And (Ik, II, V)-inverses are called
Drazin inverses, denoted by S ¼ TD (see [2,5]), where k is the Drazin index of T. If T is Drazin invertible, then the spectral
idempotent Tp of T corresponding to f0g is given by Tp ¼ I � TTD.

Let P and Q be idempotents. It is well known that P � Q is invertible if and only if I � PQ and P þ Q are invertible [20]. This
result was generalized to the Drazin invertible case and had gotten that P � Q is Drazin invertible if and only if I � PQ is Dra-
zin invertible if and only if P þ Q is Drazin invertible in [10,21]. Recently, Koliha et al. [21] proved that C is Drazin invertible if
and only if D is Drazin invertible if and only if P � Q and PQ are Drazin invertible. For arbitrary idempotents P and Q, we have
the operator matrices
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P ¼
I 0
0 0

� �
and Q ¼

Q 1 Q 2

Q 3 Q 4

� �
; ð2Þ

with space decompositions H ¼ RðPÞ � N ðPÞ. Since Q 2 ¼ Q , we obtain that

Q2
1 þ Q2Q 3 ¼ Q 1; Q 1Q 2 þ Q 2Q 4 ¼ Q2; Q3Q 1 þ Q4Q 3 ¼ Q 3; Q 3Q 2 þ Q 2

4 ¼ Q4: ð3Þ

In particular, if P and Q are orthogonal projections, then Q 1 and Q4 are positive and Q3 ¼ Q �2. We use the usual notation
P ¼ I � P and Q ¼ I � Q .

In this paper, we will investigate the properties of the commutator C ¼ PQ � QP and the anticommutator D ¼ PQ þ QP,
where P and Q are idempotents or orthogonal projections. Various relations among the idempotency, the invertibility or gen-
eralized invertibility, the positivity and the range relations are considered. Particular attention is paid to the idempotent
operators P and Q and some further characteristics when P and Q are positive are derived as well.

2. Some lemmas

The following result is given in [6,7] for matrices. Using the definition of Drazin inverse, the result is extended to oper-
ators in BðHÞ.

Lemma 2.1 [7, Theorem 2.1]. Let M 2 BðH �KÞ have the operator matrix form

M ¼
0 A

B 0

� �
: ð4Þ

Then M is Drazin invertible if and only if AB (or BA) is Drazin invertible. In this case,

MD ¼ 0 ðABÞDA

BðABÞD 0

 !
¼ 0 AðBAÞD

ðBAÞDB 0

 !
:

Remark that M is MP-invertible if and only if RðAÞ and RðBÞ are closed. In this case,

Mþ ¼ 0 Bþ

Aþ 0

 !
:

Lemma 2.2 (see [9, Theorem 2.7]). For A 2 BðHÞ;AðI � AÞ is Drazin invertible if and only if A and I � A are Drazin invertible.

For two orthogonal projections P and Q, denote H1 ¼ RðPÞ \ RðQÞ;H2 ¼ RðPÞ \ N ðQÞ;H3 ¼ NðPÞ \ RðQÞ;H4 ¼
NðPÞ \ N ðQÞ and let H5 ¼ RðPÞ \ ðH � ð�4

i¼1HiÞÞ and H6 ¼ H� ð�5
i¼1HiÞ. Then Hi ? Hj; j – i and 1 6 i; j 6 6. We have the fol-

lowing lemma which is useful later.

Lemma 2.3 (see [14, Lemma 1]). Let P and Q be orthogonal projections. Then PHi #Hi and QHi #Hi;1 6 i 6 4, and P and Q have
the following operator matrices

P ¼ I � I � 0� 0� I � 0; Q ¼ I � 0� I � 0�
Q 0 Q

1
2
0ðI � Q 0Þ

1
2D

D�Q
1
2
0ðI � Q 0Þ

1
2 D�ðI � Q 0ÞD

0
@

1
A ð5Þ

with respect to the space decompositionH ¼
P6

i¼1Hi, respectively, where Q 0 is a positive contraction on H5;0 and 1 are not eigen-
values of Q 0 and D is a unitary operator from H6 onto H5.

Lemma 2.4 (see [15, Theorem 2.2], [12,17]). Let A;B;C 2 BðHÞ. ThenRðAÞ þ RðBÞ ¼ RððAA� þ BB�Þ
1
2Þ;RðAÞ is closed if and only if

RðAÞ ¼ RðAA�Þ; If C P 0, thenRðC
1
2Þ ¼ RðCÞ andRðCÞ#RðC

1
2Þ;RðCÞ is closed if and only ifRðCÞ ¼ RðC

1
2Þ;RðCÞ ¼ H if and only if

C is invertible.
It is relevant to note here that if P or Q 2 BðHÞ has bounded generalized inverse, then RðPÞ or RðQÞ is closed. In the case

that the dimension of H is finite, the MP-inverses and the Drazin inverses of PQ always exist. But it is not true for the case
that the dimension of H is infinite. For example, define positive diagonal operator Q 00 2 BðHÞ by Q 00 ¼ 1

2� 1
3� 1

4� � � � � 1
n� � � �.

Then RðQ 00Þ is not closed since 0 is the accumulation point of rðQ 00Þ [8]. Put

P ¼
I 0
0 0

� �
; Q ¼

Q 00 Q
012
0 ðI � Q 00Þ

1
2

Q
012
0 ðI � Q 00Þ

1
2 I � Q 00

0
@

1
A

on H�H. Then P;Q are orthogonal projections and
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