
On a system of difference equations with maximum

N. Fotiades, G. Papaschinopoulos ⇑
School of Engineering, Democritus University of Thrace, Xanthi 67100, Greece

a r t i c l e i n f o

Keywords:
System of difference equations
Eventually periodic solution

a b s t r a c t

In this paper we study the periodic character of the solutions of the system of difference
equations with maximum

xnþ1 ¼ max A;
yn

xn�1

� �
;

ynþ1 ¼max B;
xn

yn�1

� �
;

where A;B are positive constants and the initial values x�1; x0; y�1; y0 are positive numbers.
We prove that every solution is eventually periodic.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

In [1] the authors proved that every solution of the difference equation

ynþ1 ¼max D;
yn

yn�1

� �
ð1:1Þ

is eventually periodic. That is there exist T;n0 2 N such that ynþT ¼ yn for every n P n0.
Using this result and the transformation ynþ1 ¼

xnþ1xn
B the authors proved that every solution of the difference equation

xnþ1 ¼max
A
xn
;

B
xn�2

� �
; A;B > 0

is eventually periodic.
Two important papers on a generalization on Eq. (1.1) are: [2,3].
Moreover in [4] the authors study the periodicity of the positive solutions of the system

znþ1 ¼max
B

wnþ1�k
;

D
wnþ1�m

� �
;

wnþ1 ¼max
C

znþ1�k
;

E
znþ1�m

� �
;

ð1:2Þ

where k;m are positive integers.
Motivated by Eq. (1.1) we study the system

xnþ1 ¼max A;
yn

xn�1

� �
;

ynþ1 ¼ max B;
xn

yn�1

� �
;

ð1:3Þ
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n P 0 where A; B are positive numbers and the initial values x�1; x0; y�1; y0 are positive numbers. We prove that every solu-
tion of (1.3) is eventually periodic. We note that if A ¼ B ¼ D and x�1 ¼ y�1; x0 ¼ y0 then system (1.3) reduces to the Eq. (1.1).
To study our results we examine three cases:

ðaÞ 1 6 A 6 B; ðbÞ A < 1 6 B; ðcÞ A 6 B < 1 ð1:4Þ

and the similar cases:

ðaÞ 1 6 B 6 A; ðbÞ B < 1 6 A; ðcÞ B 6 A < 1: ð1:5Þ

We note that if xnþ1 ¼ jznþ1wn and ynþ1 ¼ kznwnþ1 where j; k 2 R then from system (1.3) we take the system

znþ1 ¼max
A=j
wn

;
k=j2

wn�2

� �
;

wnþ1 ¼max
B=k
zn

;
j=k2

zn�2

( )
;

ð1:6Þ

which results from the system (1.2) with k ¼ 1;m ¼ 3, B ¼ A
j ;C ¼ B

k ;D ¼ k
j2, E ¼ j

k2.
As we show below only the third case of (1.4) and (1.5) follows immediately from the study of system (1.6).
The max operator arises naturally in certain models in automatic control theory (see [5]).
For some other papers with difference equations with maximum you can see [1–27].

2. Main Results

In the following we use a Lemma which has been proved in [4] (see Lemma 1). For readers convenience we state it here
without its proof.

Lemma 2.1. Consider the system of difference Eq. (1.2) where B;C;D; E are positive real constants, k;m are positive integers and
the initial values zi;wi; i ¼ �d;�dþ 1; . . . ;�1, d ¼ maxfk;mg, are positive real numbers. Then the following statements are true:

(i) If either B ¼ C, B P D P E, B;C;D; E are not all equal or B ¼ C, B P E P D, B;C;D; E are not all equal then every positive
solution of the system (1.2) is eventually periodic with period 2k.

(ii) If either D ¼ E, D P B P C, B;C;D; E are not all equal or D ¼ E, D P C P B, B; C;D; E are not all equal then every positive
solution of the system (1.2) is eventually periodic with period 2m.

Proposition 2.1. Let ðxn; ynÞ be a solution of system (1.3). The following statements are true:

(I) If 1 6 A 6 B then
(i) yn ¼ B for every n P 4.

(ii) xn ¼ A; for every n P 7 if B 6 A2
;

xnþ4; for every n P 5 if B > A2
:

�
(II) If 1 6 B 6 A then

(i) xn ¼ A for every n P 4.

(ii) yn ¼
B; for every n P 7 if A 6 B2;
ynþ4; for every n P 5 if A > B2:

�

Proof. (I) (i) From the recurrence Eq. (1.3) it follows that xn P A and yn P B for every n P 1. Assume that yn > B for some
n P 4. Then from (1.3) we get

yn ¼
xn�1

yn�2
¼ 1

yn�2
max A;

yn�2

xn�3

� �
¼max

A
yn�2

;
1

xn�3

� �
:

We have A
yn�2
6

A
B 6 1 6 B and 1

xn�3
6

1
A 6 1 6 B. So yn 6 B which contradicts the assumption yn > B. Thus yn ¼ B for every n P 4.

(ii) We examine two cases:

1st Case. Assume that B 6 A2.

Let n P 7. Then from (1.3) and since yn ¼ B;n P 4 we have

xn ¼max A;
B

xn�2

� �
¼max A;

B

max A; B
xn�4

n o
8<
:

9=
; ¼max A;min

B
A
; xn�4

� �� �
:

We have xn�4 P A P B
A since B 6 A2. So xn ¼max A; B

A

� �
¼ A.
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