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System of difference equations equations with maximum

Eventually periodic solution

Xn+1 = MaX {Avxyn }-,

n-1

X,
Yni1 = Max {va z }-,

n-1

where A, B are positive constants and the initial values x_1,X0,y_;,Y, are positive numbers.
We prove that every solution is eventually periodic.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

In [1] the authors proved that every solution of the difference equation
V.1 = max {D, In } (1.1)

n—-1

is eventually periodic. That is there exist T,no € N such that y,.; =y, for every n > ny.
Using this result and the transformation y,,, =% the authors proved that every solution of the difference equation

an:max{é B }, AB>0

Xn 7Xn—Z

is eventually periodic.
Two important papers on a generalization on Eq. (1.1) are: [2,3].
Moreover in [4] the authors study the periodicity of the positive solutions of the system

n+1
Wnii-k 7Wnﬂ—m '

1.2
R L e
e Zni1-k 7ZnJrlfm '
where k, m are positive integers.
Motivated by Eq. (1.1) we study the system
Xpe1 = Max {A, Xy - }
n-1 (.13)
Vo = Max {B Xn }
n+1 7yn71 )
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n > 0 where A, B are positive numbers and the initial values x_1,xo,¥_4,Y, are positive numbers. We prove that every solu-
tion of (1.3) is eventually periodic. We note thatif A=B=Dand x_; =y_;,Xo =¥, then system (1.3) reduces to the Eq. (1.1).
To study our results we examine three cases:

(@) 1<A<B, (b)A<1<B, (c)A<B«<1 (1.4)
and the similar cases:
(@) 1<B<A, (b)B<1<A, (c)B<A<1. (1.5)
We note that if X1 = Kz,.1W, and y,..; = 1z,wn.1 Where k, 1 € R then from system (1.3) we take the system
2
Zni1 = Max {/“‘A/: \)/\{nkz}
(1.6)

B/2 K/ }

Wy = max
Zn Zn 2

which results from the system (1.2) withk=1,m=3,B=4,C=8 D=4 E= 5
As we show below only the third case of (1 4) and (1.5) follows 1mmed1ately from the study of system (1.6).
The max operator arises naturally in certain models in automatic control theory (see [5]).
For some other papers with difference equations with maximum you can see [1-27].

2. Main Results

In the following we use a Lemma which has been proved in [4] (see Lemma 1). For readers convenience we state it here
without its proof.

Lemma 2.1. Consider the system of difference Eq. (1.2) where B, C,D,E are positive real constants, k, m are positive integers and
the initial values z;,w;,i = —d,—d + 1,...,—1, d = max{k, m}, are positive real numbers. Then the following statements are true:

(i) If either B=C,B > D > E, B,C,D,E are not all equal or B=C, B> E > D, B,C,D,E are not all equal then every positive
solution of the system (1.2) is eventually periodic with period 2k.

(ii) If either D=E, D > B > C, B,C,D,E are not all equal or D =E, D > C > B, B,C,D,E are not all equal then every positive
solution of the system (1.2) is eventually periodic with period 2m.

Proposition 2.1. Let (x,,y,) be a solution of system (1.3). The following statements are true:

(D If1 <A< Bthen
(i) y, = B for every n > 4.
(ii) x, = {A, for every n > 7 ifl_BgAz, ,
Xn.4, foreveryn =5 if B> A",
(IN) If 1 < B < A then
(i) x, = A for every n > 4.
(ii) y :{B, for every n > 7 ifz‘.\gB2
n V.4, foreveryn =5 if A> B

Proof. (I) (i) From the recurrence Eq. (1.3) it follows that x, > A and y,, > B for every n > 1. Assume that y, > B for some
n > 4. Then from (1.3) we get

_ 1 A 1
y, =1 max{ In- 2}:max{ , }
Va2 Yna Xn-3 Yn2 Xn-3
We have -< 4<1<Band 1 <1< 1<B.Soy, < Bwhich contradicts the assumption y, > B. Thus y, = Bforeveryn > 4.
(ii) We examine two cases
1st Case. Assume that B < A2,

Let n > 7. Then from (1.3) and since y, = B,n > 4 we have

X, = max {Ai} = max A,L = max {A, min {§7xn_4}}.
Xn-2 max {A,%} A

We have x, 4 > A > Bsince B < A>. So x, = max {A,2} = A.
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