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a b s t r a c t

Uniform boundedness and convergence of global solutions are proved for strongly-coupled
parabolic systems with cross-diffusions dominated by self-diffusions in population dynam-
ics, Gagliardo–Nirenberg inequalities are used in the estimates of solutions in order to
establish W1

2-bounds uniform in time.
� 2013 Elsevier Inc. All rights reserved.

1. Introduction and basic proposition

In an attempt to model spatial segregation phenomena between two competing species, Shigesada et al. [1] proposed the
following quasilinear parabolic system ðP0Þ in 1979:

ut ¼ M½ðd1 þ a11uþ a12vÞu� þ ða1 � b1u� c1vÞu; ðx; tÞ 2 X� ð0;1Þ
v t ¼ M½ðd2 þ a12uþ a22vÞv� þ ða2 � b2u� c2vÞv ; ðx; tÞ 2 X� ð0;1Þ
@u
@n ¼ @v

@n ¼ 0 ðx; tÞ 2 @X� ð0;1Þ
uðx;0Þ ¼ u0ðxÞP 0; vðx;0Þ ¼ v0ðxÞP 0 x 2 X

8>>><
>>>:

ðP0Þ

so far the existence of nonnegative global solutions for system ðP0Þ has been proved extensively in one or two dimension [2–
10]. Shim [9] established the global uniform boundedness and convergence for system ðP0Þ with n ¼ 1 under the condition
0 < a21 < 8a11; 0 < a12 < 8a22. In recent years more and more attention have been given to system ðP0Þ with other types of
reaction term and some generalized three-species [11–13] as the following system (P):

ut ¼ M½ðE1 þ a11uþ a12v þ a13wÞu� þ ða1 � b1u� c1v � d1wÞu; ðx; tÞ 2 X� ð0;1Þ
v t ¼ M½ðE2 þ a12uþ a22v þ a23wÞv � þ ða2 � b2u� c2v � d2wÞv ; ðx; tÞ 2 X� ð0;1Þ
wt ¼ M½ðE3 þ a13uþ a23v þ a33wÞw� þ ða3 � b3u� c3v � d3wÞw; ðx; tÞ 2 X� ð0;1Þ
@u
@n ¼ @v

@n ¼ @w
@n ¼ 0 ðx; tÞ 2 @X� ð0;1Þ

uðx;0Þ ¼ u0ðxÞP 0; vðx;0Þ ¼ v0ðxÞP 0; wðx; 0Þ ¼ w0ðxÞP 0; x 2 X

8>>>>>><
>>>>>>:

ðPÞ

In order to prove uniform boundedness and convergence of global solutions to the above system (P),we consider the follow-
ing case for system (P):(A) 2aiiaji > a2

ijði – j; i; j ¼ 1;2;3Þ.
Where X ¼ ½0;1�; u0ðxÞ; v0ðxÞ; w0ðxÞ 2W1

2½0;1�. In system (P) u;v ;w are nonnegative functions which represent the
population densities of three competing species. aij; Ei; di; ai; bi > 0ði; j ¼ 1;2;3Þ. E1; E2; E3 are the diffusion rates of
the three species, respectively. a1; a2; a3 denote the intrinsic growth rates, b1; c2; d3 account for intra-specific competitions,
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b2; d3; c1; d3; d1; d2 are the coefficients for inter-specific competitions, a11; a22; a33 denote self-diffusion, and
aijði – j; i; j ¼ 1;2;3Þ are cross-diffusion pressures. By adopting the coefficients aijði; i; j ¼ 1;2;3Þ, system (P) takes into
account the pressures created by mutually competing species.

To describe results on system (P) we use the following notation throughout this paper.
Notation. Let X be a region in Rn. The norm in LpðXÞ is denoted by j:jLpðXÞ; 1 6 p 61. The usual Sobolev spaces of real

valued functions in X with exponent k P 0 are denoted by Wk;pðXÞ; 1 6 p 61. And jj:jjk;p represents the norm in Sobolev
spaces Wk;pðXÞ. We shall use the simplified notation jj:jjk;p for Wk;pðXÞ and j:jp for LpðXÞ.

The local existence of solutions to system (P) was established by Amamn [14–16]. According to his results system (P) has
a unique nonnegative solution ðuðx; tÞ;vðx; tÞ;wðx; tÞÞ 2 Cð½0; TÞ;W1

pðXÞÞ \ C1ðð0; TÞ;C1ðXÞÞ, where T 2 ð0;1� is the maximal
existence time for the solution. The following results is due to Amamn [15].

Theorem 1.1. If u0ðxÞ; v0ðxÞ; w0ðxÞ 2W1
pðXÞ; X � Rn is bounded,p > n. System (P) possesses a unique solution:

ðuðx; tÞ;vðx; tÞ;wðx; tÞÞ 2 Cð½0; TÞ;W1
pðXÞÞ \ C1ðX� ð0; TÞÞ for 80 6 t < T, where p > n; 0 < T <1. If the solutions satisfy the

estimates

sup
0<t<T

kuð:; tÞkW1
p ðXÞ

<1; sup
0<t<T

kvð:; tÞkW1
pðXÞ

<1; sup
0<t<T

kwð:; tÞkW1
p ðXÞ

<1:

then T ¼ 1.

Theorem 1.2 (Gagliardo–Nirenberg inequalities). Let X 2 Rn be a bounded domain with @X 2 Cm. For every function
u 2Wm;rðXÞð1 6 q; r 61Þ;Djuð0 6 j < mÞ satisfies the inequalities:

jDjujp 6 C jDmujar juj
1�a
q þ jujq

� �
ð1:1Þ

where 1
p ¼

j
nþ a 1

r � m
n

� �
þ 1� að Þ 1

q.
for all a in the interval j

m 6 a < 1, provided one of the following three conditions:

(1) r 6 q,
(2) 0 < nðr�qÞ

mrq < 1,
(3) nðr�qÞ

mrq ¼ 1 and m� n
q is not a nonnegative integer.

(The positive constant C depends only on n; m; j; q; r; a.)

Proof. We refer the readers to Theorem 10.1 in Part 1 of Friedman [17] for the proof of this well-known calculus
inequality. h

Corollary 1.3. There exists positive constants c; c�; c�� such that for every function u in H1½0;1�:

juj2 6 c juxj
1
3
2juj

2
3
1 þ juj1

� �
ð1:2Þ

juj4 6 c� juxj
1
2
2juj

1
2
1 þ juj1

� �
ð1:3Þ

juj5 6 c�� juxj
3

10
2 juj

7
10
2 þ juj2

� �
ð1:4Þ

juj1 6 c��� juxj
1
2
2juj

1
2
2 þ juj2

� �
ð1:5Þ

Proof. n = 1, m = 1, j = 0, r = 2, q = 1 satisfy condition (2) in Theorem 1.2, thus (1.2) and (1.3) are correct.
n = 1, m = 1, j = 0, r = 2, q = 2 satisfy condition (1) in Theorem 1.2, thus (1.4) and (1.5) are correct. h

Remark. From (1.5) we have a conclusion that

W1
2ð½0;1�Þ,!Cð½0;1�Þ ð1:6Þ

Lemma 1.4. For every function u 2W2;2ð½0;1�Þ with uxð0Þ ¼ uxð1Þ ¼ 0.

juxj2 6 juxxj
1
2
2juj

1
2
2 ð1:7Þ
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