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1. Introduction and basic proposition

In an attempt to model spatial segregation phenomena between two competing species, Shigesada et al. [1] proposed the
following quasilinear parabolic system (Py) in 1979:

U = Al(dy + 01U + ap)u] + (a1 — bju —civ)u,  (x,t) € Q x (0,00)
v = Al(dy + 12U + 02 0) V] + (a2 — bott — ), (X,t) € Q x (0,00) P
w_ow_Q (x,) € 9Q x (0, 00) (Po)

u(x,0) =up(x) = 0, v(x,0) = vo(x) = 0 xeQ

so far the existence of nonnegative global solutions for system (Py) has been proved extensively in one or two dimension [2-
10]. Shim [9] established the global uniform boundedness and convergence for system (Py) with n = 1 under the condition
0 < a1 < 8at11, 0 < 12 < 8atzy. In recent years more and more attention have been given to system (Py) with other types of
reaction term and some generalized three-species [11-13] as the following system (P):

U = A[(Ey + 01U + a0 + oqsW)U] + (aq — biu — i —dyw)u,  (x,t) € Q x (0,00)
Ve = A[(Ey + 02U + 0o ¥ + 03W) V] + (A — bt — v — daw) v, (X,t) € Q x (0, 00)
)

W = A[(Es + aq3U + 03 ¥ + 033W)W] + (a3 — bsu — czv — dsw)w,  (x,t) € Q x (0,00 (P)
G=%=%=0 (x,1) € 9Q x (0,00)

u(x,0) = up(x) > 0, v(x,0) = vo(x) = 0, W(x,0) =wp(x) =0, x€Q

In order to prove uniform boundedness and convergence of global solutions to the above system (P),we consider the follow-
ing case for system (P):(A) 2a;045 > oc,?j(i #j,1,j=1,2,3).

Where Q = [0,1], uo(x), vo(x), Wo(x) € W,[0,1]. In system (P) u, v,w are nonnegative functions which represent the
population densities of three competing species. oy, Ej; di; a;; b > 0(i,j =1,2,3). Ey, E;, E; are the diffusion rates of
the three species, respectively. a;, a,, as denote the intrinsic growth rates, by, c,, ds account for intra-specific competitions,
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by, ds, ¢y, ds, di, d, are the coefficients for inter-specific competitions, oy, o2, ¢33 denote self-diffusion, and
o(i #j,i,j =1,2,3) are cross-diffusion pressures. By adopting the coefficients o;(i, i,j = 1,2,3), system (P) takes into
account the pressures created by mutually competing species.

To describe results on system (P) we use the following notation throughout this paper.

Notation. Let Q be a region in R". The norm in L,(Q) is denoted by |. L, 1 <P < co. The usual Sobolev spaces of real
valued functions in Q with exponent k > 0 are denoted by W**(Q), 1 <p < < oco. And ||.||;, represents the norm in Sobolev
spaces W*P(Q). We shall use the simplified notation [l for W (Q) and |.|, for LP(Q).

The local existence of solutions to system (P) was established by Amamn [14-16]. According to his results system (P) has
a unique nonnegative solution (u(x, t), v(x, t), w(x, t)) € C([0,T), W;(Q)) NC*((0,T),C*(Q)), where T € (0, ] is the maximal
existence time for the solution. The following results is due to Amamn [15].

Theorem 1.1. If up(x), vo(x), Wo(x) € W} »(Q), QCR"is boundedp >n. System (P) possesses a unique solution:
(u(x, t), v(x, t), w(x, t)) € C([0,T), W} »(Q)) ﬂC*(Q x (0,T)) for VO <t <T, where p>n, 0 <T < oco. If the solutions satisfy the
estimates

Sup [[u(., O)llwy @ <00, SUP (., D)llwyq) <00, SUP [W(, E)[lyq) < o0

O<t<T 0<t<T O<t<T
then T = oo.

Theorem 1.2 (Gagliardo-Nirenberg inequalities). Let Q ¢ R" be a bounded domain with 9Q c C". For every function
ue W (Q)(1<q,r<oo),Du(0 <j< m) satisfies the inequalities:

ID'ul, < C(ID"ulfluly + Jul, ) (1.1)
where [ ={+a(} — )+(1—a)
for all a in the interval £ < a < 1, provided one of the following three conditions:
(r<

(2)0< " . f <1,
(3) ”r;rq" =1 and m -} is not a nonnegative integer.

(The positive constant C depends only on n, m, j, q, r, a.)

Proof. We refer the readers to Theorem 10.1 in Part 1 of Friedman [17] for the proof of this well-known calculus
inequality. O

Corollary 1.3. There exists positive constants c, c*, ¢ such that for every function u in H'[0,1]:

1 2
July < ¢(Juel3uft + ul,) (12)
1 1
july < ¢ (us3uf; + ul,) (13)
ok 3 5
luls < c* (qu Yluly + Iulz) (1.4)
. 1 1
jul.. < ¢ (lue3ul + ul,) (15)

Proof. n=1,m=1,j=0,r=2,q=1 satisfy condition (2) in Theorem 1.2, thus (1.2) and (1.3) are correct.
n=1,m=1,j=0, r=2, q=2 satisfy condition (1) in Theorem 1.2, thus (1.4) and (1.5) are correct. O

Remark. From (1.5) we have a conclusion that

W;((0,1))=C([0, 1)) (1.6)
Lemma 1.4. For every function u € W*2([0, 1]) with u(0) = ux(1) = 0.

11
ltix|y < [thuf3[ul3 (1.7)
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