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a b s t r a c t

Explicit formulas are given for the determinants of a band symmetric Toeplitz matrix Tn

with bandwidth 2r þ 1. The formulas involve r � r determinants whose entries are the val-
ues of Chebyshev polynomials on the zeros of a certain rth degree q which is independent
of n.
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1. Introduction

Toeplitz matrix is a matrix which has constant values along negative-sloping diagonals, i.e., a matrix of the form
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In this article, we are concerned with banded symmetric Toeplitz matrices Tn with bandwidth 2r þ 1, meaning that ak ¼ 0
if kj j > r; ak ¼ a�k and ar – 0. We silently assume that n is large in comparison with 2r þ 1. Band Toeplitz matrices arise in
many different theoretical and applicative fields. Their determinants, called Toeplitz determinants, have important applica-
tions in many topics of theoretical physics: statistical physics, random-matrix theory, and have been studied by several
authors [1].

Since Tn is a centrosymmetric matrix, then det Tnð Þ is a product of two factors [6] which we express using Chebyshev poly-
nomials of the first, second, third, and fourth kind, which will be denoted by Tn;Un;Vn and Wn, respectively [4] and the zeros
of f zð Þ ¼

Pr
k¼�rakzk. This is our main result:

Theorem 1. Let fj;
1
fj
; j ¼ 1; . . . ; r are the (distincts) zeros of the polynomial g zð Þ ¼ zrf zð Þ. Then we have for all p P 1:
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where ak ¼ 1
2 fk þ 1

fk

� �
; k ¼ 1;2; . . . ; r are the zeros of the polynomial

q xð Þ ¼ a0 þ 2
Xr

k¼1

akTk xð Þ:

2. Proof of the Theorem 1

We have f zð Þ ¼ f 1
z

� �
and hence if f is a zero of f then so also is 1

1. Thus the zeros of f are fj;
1
fj
; j ¼ 1; . . . ; r assumed pairwise

distinct.
We begin by recalling some useful properties of the Chebyshev polynomials Tnf g; Unf g; Vnf g and Wnf g [4]. They all satisfy

the same recurrence relation

Tnþ1 xð Þ ¼ 2xTn xð Þ � Tn�1 xð Þ for n ¼ 1;2; . . .

and the different initials conditions are

T0 xð Þ ¼ U0 xð Þ ¼ 1; 2T1 xð Þ ¼ U1 xð Þ ¼ 2x

and

W0 xð Þ ¼ V0 xð Þ ¼ 1; W1 xð Þ ¼ V1 xð Þ þ 2 ¼ 2xþ 1:

Moreover, we have

Tn cos hð Þ ¼ cos nh; Un cos hð Þ ¼ sin nþ1ð Þh
sin h ;

Vn cos hð Þ ¼ cos nþ1
2ð Þh

cos1
2h

; Wn cos hð Þ ¼ sin nþ1
2ð Þh

sin1
2h

;

8<
: ð2:1Þ

from which it follows the relations
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1
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for f 2 C. We will divide the proof of the Theorem 1 into many lemmas:

Lemma 1. We have:

(1) Let j; k 2 N. Then

Uj xð ÞTk xð Þ ¼
1
2 Ujþk xð Þ þ 1

2 Uj�k xð Þ if k 6 jþ 1;
1
2 Ujþk xð Þ � 1

2 Uk�j�2 xð Þ if jþ 1 < k:

(

(2) Let j; k 2 N. Then

Vj xð ÞWk xð Þ ¼
UjþkðxÞ þ Uj�k�1ðxÞ if k 6 j;
UjþkðxÞ � Uk�j�1ðxÞ if j < k:
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