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a b s t r a c t

This paper deals with the mean square convergence and mean square exponential stability
of an Euler scheme for a linear impulsive stochastic delay differential equation (ISDDE).
First, a method is presented to take the grid points of the numerical scheme. Based on this
method, a fixed stepsize numerical scheme is provided. Based on the method of fixed step-
size grid points, an Euler method is given. The convergence of the Euler method is consid-
ered and it is shown the Euler scheme is of mean square convergence with order 1/2. Then
the mean square exponential stability is studied. Using Lyapunov-like techniques, the suf-
ficient conditions to guarantee the mean square exponential stability are obtained. The
result shows that the mean square exponential stability may be reproduced by the Euler
scheme for linear ISDDEs, under the restriction on the stepsize. At last, examples are given
to illustrate our results.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, impulsive stochastic delay differential equations (ISDDEs) have been studied by many authors and a lot of
results have been reported, for example, see [1,2] and the references therein. Generally, the explicit solutions of the ISDDEs are
difficult to be obtained, thus it is necessary to develop numerical methods for ISDDEs and study the properties of these numer-
ical methods.

For impulsive differential equations, there are many results on the numerical methods. In 2007, Wu [3] first brought out an
Euler method for a random impulsive differential equation using a variable stepsize method. In the same year, in [4], the
stability of the Runge–Kutta methods was studied for a linear impulsive differential equation with constant coefficients, where
the authors also adopted the variable stepsize numerical scheme. Then these authors considered the nonlinear case in [5]. In [6],
the authors considered some numerical methods for impulsive differential equations, where the interval length of the impul-
sive moments are assumed to be equal. This assumption makes the authors can take a fixed stepsize numerical scheme. In [7]
the authors considered the numerical stability and asymptotical stability of the implicit Euler method for a stiff impulsive
differential equation in Banach space where the variable stepsize numerical scheme was adopted.

The study of the numerical method for stochastic delay differential equations has been done for many years and a lot of
results were reported, see [8–12] and the references therein. For the impulsive delay differential equations, the authors pre-
sented a fixed stepsize Euler scheme and considered the convergence of this Euler method in [13]. Moreover, we should point
out that, for ISDDEs, in [14], the authors studied the exponential stability of the Euler method with fixed stepsize method. How-
ever, just as the case in [6], in that paper, the assumption of the length’s equality of each impulsive interval was imposed and the
length of the impulsive interval was asked to be equal to the delay. Both the assumptions yield a fixed stepsize numerical
scheme for ISDDEs, which also reduced the applications scale of the numerical scheme.
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In this paper, we generalize the method of [13] to the case of ISDDEs. First, we present a method to take the grid points
and this method yields a fixed stepsize numerical method for ISDDEs. Based on this method, we give an Euler method for the
ISDDEs. Then we consider the convergence of the Euler scheme and obtain the order of the convergence. The mean square
exponential stability of the Euler method is also studied and the sufficient conditions are obtained to guarantee the stability
by using the Lyapunov-like techniques. At last, numerical examples are given to illustrate our results.

For the convenience, we adopt the following standard notations:
ðX; F; fFtgtP0; PÞ is a complete probability space with a filtration fFtgtPslant0 satisfying the usual conditions (i.e., the filtra-

tion contains all P-null sets and is right continuous). R ¼ ð�1;þ1Þ, Rþ ¼ ½0;þ1Þ;N ¼ f1;2; . . .g. Given a positive integer m,
define N�m ¼ f�m;�mþ 1; . . . ;0g. PCðJ; RÞ ¼ fu : J! R;uðsÞ is continuous for all but at most countable points s 2 J and at
these points s 2 J;uðsþÞ and uðs�Þ exist and uðsþÞ ¼ uðsÞg, where J is a subset of R;uðsþÞ and uðs�Þ denote the right-hand
and left-hand limits of the function uðsÞ at time s respectively. PCb

F0
ð½�s;0�; RÞ denotes the family of all bounded F0-measur-

able, PC-valued random variables. k/k ¼ sup�s6h60fj/ðhÞjg.

2. Preliminaries

In this paper, we will consider the following system:

dxðtÞ ¼ ½axðtÞ þ bxðt � sÞ�dt þ cxðtÞdWðtÞ; t P 0; t – tk;

xðtkÞ ¼ bkxðt�k Þ;

�
ð2:1Þ

where a; b; c; bk are constants, s > 0 is the delay, xðt�k Þ ¼ limt!t�
k

xðtÞ. The impulsive moments ftkg satisfy:
0 ¼ t0 < t1 < t2 < � � � < tk < � � �, and limk!1tk ¼ 1. WðtÞ is an 1-dimension Brownian motion.

We impose the following initial data for system (2.1):

xðsÞ ¼ /ðsÞ; s 2 ½�s;0�; ð2:2Þ

where / 2 PCb
F0
ð½�s;0�;RÞ.

For the sake of simplicity, we do not consider the more general system:

dxðtÞ ¼ ½axðtÞ þ bxðt � sÞ�dt þ ½cxðtÞ þ dxðt � sÞ�dWðtÞ; t P 0; t – tk;

xðtkÞ ¼ bkxðt�k Þ;

�
ð2:3Þ

there is no more essential difficulty to study the system (2.1) than to study system (2.3) except the complexity.
Now we state a lemma for system (2.1), it will be used in the sequel.

Lemma 2.1. For any given positive constant T, there exists an M > 0, such that the solution of system (2.1) with initial data (2.2)
satisfies:

Ejxðt;/Þj2 < M;�s 6 t 6 T:

Proof. From the property of the impulsive moments, we know that, for a given T > 0, there exists a natural number N such
that tN 6 T < tNþ1. By virtue of the exponential estimate theorem in [15] and the induction, we can get the required result
easily. h

To end this section, we give a lemma on the mean square exponential stability of system (2.1). It can be obtained directly
by the results of [1].

Lemma 2.2. If the coefficients of system (2.1) satisfy:

2aþ 2jbj þ c2 < 0; b2
k P 1 and

X1
k¼1

ðb2
k � 1Þ <1; ð2:4Þ

then the trivial solution of system (2.1) is mean square exponentially stable.

3. Convergence of Euler method

In this section, we first present a method to get the grid points for numerical scheme, which is a fixed stepsize method.
Based on this method, we derive the fixed stepsize Euler scheme for system (2.1), then we give the convergence result of the
Euler scheme.

Given a positive integer m, let h ¼ s
m, and take the grid points for the numerical scheme as follows:

gk ¼
tk

h

� �
þ 1� dZ

tk

h

� �
;
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