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In this paper, dependent and independent variable transformations are introduced to solve
a generalized sinh–Gordon equation by using the binary F-expansion method and the
knowledge of elliptic equation and Jacobian elliptic functions. Many different new exact
solutions such as double periodic wave and complex wave solutions are obtained. Some
previous results are extended.
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1. Introduction

It is well known that the exact solutions of the sinh–Gordon equations have been extensively studied in the field of
theoretical physics (see Refs. [1–7] and references cited therein).

In 2006, Wazwaz [8] studied the following generalized Sinh–Gordon equation:

utt � auxx þ b sinhðnuÞ ¼ 0; ð1Þ

where n is a positive integer and a; b are two constants. And he derived families of exact solutions using the reliable tanh
method. Tang et al. [9] studied the bifurcation behaviors and exact solutions of the Eq. (1) under three different functions
transformations by using the bifurcation theory of dynamical system.

In this paper, we aim to extend the previous works in Refs. [8,9], we shall obtain many new exact solutions of Eq. (1),
including double periodic wave and complex wave solutions.

This paper is organized as follows. In Section 2, we introduce the binary F-expansion method briefly. In Section 3, we give
many exact solutions of Eq. (1). In Section 4, a short conclusion will be given.

2. The binary F-expansion method

For a given nonlinear partial differential equation

Uðf ðuÞ;ux;ut ;uxx;utt ;uxt ; . . .Þ ¼ 0; ð2Þ

where f ðuÞ is a composite function which is similar to sinðnuÞ or sinhðnuÞ ðn ¼ 1;2; . . .Þ etc. As in Ref. [15], the binary
F-expansion method is simply represented as follows:

Step 1: We make a transformation

u ¼ /
UðnÞ
VðgÞ

� �
; ð3Þ
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where n ¼ k1ðxþ c1tÞ; g ¼ k2ðxþ c2tÞ; k1; k2; c1; c2 are unknown parameters which to be further determined. The transfor-

mation u ¼ / UðnÞ
VðgÞ

� �
was first given by Lamb and used it to solve the sine–Gordon equation [12], u ¼ 4

n tan�1 UðnÞ
VðgÞ

� �
and

u ¼ 4
n tanh�1 UðnÞ

VðgÞ

� �
are its two special cases. Substituting (3) into (2), yields

UðU;U0;U00; . . . ;V ;V 0;V 00; . . .Þ ¼ 0: ð4Þ

Step 2: On some constraint conditions, if Eq. (4) can be differentiated as follows

U02 ¼ P1 þ Q 1U2 þ R1U4; ð5Þ

V 02 ¼ P2 þ Q 2V2 þ R2V4; ð6Þ

where P1;Q1;R1; P2;Q 2;R2 are some parameters, then, with the aid of Table 1 (see Ref. [14]), we can get the solutions
UðnÞ;VðgÞ of Eqs. (5) and (6).

Step 3: Substituting the UðnÞ;VðgÞ into (3), many exact solutions of Eq. (2) can be obtained.

3. Exact solutions of Eq. (1)

First, let us recall some properties of Jacobian elliptic functions. We know that there exist twelve kinds of Jacobian elliptic
functions [10,11]

snðs;mÞ; cnðs;mÞ; dnðs;mÞ; scðs;mÞ; sdðs;mÞ; cdðs;mÞ;
nsðs;mÞ;ncðs;mÞ; ndðs;mÞ; csðs;mÞ;dsðs;mÞ; dcðs;mÞ;

where m ð0 < m < 1Þ is a modulus of Jacobian elliptic functions.
When m! 1, the Jacobian functions degenerate to the hyperbolic functions, that is

snðs;mÞ ! tanhðsÞ; cnðs;mÞ ! sechðsÞ;dnðs;mÞ ! sechðsÞ; scðs;mÞ ! sinhðsÞ;
sdðs;mÞ ! sinhðsÞ; cdðs;mÞ ! 1; nsðs;mÞ ! cothðsÞ;ncðs;mÞ ! coshðsÞ;
ndðs;mÞ ! coshðsÞ; csðs;mÞ ! cschðsÞ; dsðs;mÞ ! cschðsÞ;dcðs;mÞ ! 1:

When m! 0, the Jacobian functions degenerate to the trigonometric functions, i.e.

snðs;mÞ ! sinðsÞ; cnðs;mÞ ! cosðsÞ;dnðs;mÞ ! 1; scðs;mÞ ! tanðsÞ;
sdðs;mÞ ! sinðsÞ; cdðs;mÞ ! cosðsÞ;nsðs;mÞ ! cscðsÞ;ncðs;mÞ ! secðsÞ;
ndðs;mÞ ! 1; csðs;mÞ ! cotðsÞ;dsðs;mÞ ! cscðsÞ;dcðs;mÞ ! secðsÞ:

Next, we study Eq. (1). Considering the following transformation:

n ¼ kðxþ ctÞ; g ¼ k xþ a
c

t
� �

; a – c2; ð7Þ

where k; c are two parameters to be determined later, Eq. (1) can be rewritten as

k2c2ðc2 � aÞunn þ k2aða� c2Þugg þ bc2 sinhðnuÞ ¼ 0: ð8Þ

By means of a similar ansatz as given in Refs. [12,13], letting

Table 1
Relations between values of ðP;Q ;RÞ and corresponding FðsÞ in ODE F 0 2 ¼ P þ QF2 þ RF4

P Q R FðsÞ

1 �ð1þm2Þ m2 snðs;mÞ; cdðs;mÞ
1�m2 2m2 � 1 �m2 cnðs;mÞ
m2 � 1 2�m2 �1 dnðs;mÞ
m2 �ð1þm2Þ 1 nsðs;mÞ; dcðs;mÞ
�m2 2m2 � 1 1�m2 ncðs;mÞ
�1 2�m2 m2 � 1 ndðs;mÞ
1 2�m2 1�m2 scðs;mÞ
1 2m2 � 1 �m2ð1�m2Þ sdðs;mÞ
1�m2 2�m2 1 csðs;mÞ
�m2ð1�m2Þ 2m2 � 1 1 dsðs;mÞ
1
4

1�2m2

2
1
4

nsðs;mÞ � csðs;mÞ
1�m2

4
1þm2

2
1�m2

4
ncðs;mÞ � scðs;mÞ

m2

4
m2�2

2
1
4

nsðs;mÞ � dsðs;mÞ
m2

4
m2�2

2
m2

4 snðs;mÞ � icsðs;mÞ; i2 ¼ �1

160 B. He et al. / Applied Mathematics and Computation 229 (2014) 159–172



Download	English	Version:

https://daneshyari.com/en/article/6421590

Download	Persian	Version:

https://daneshyari.com/article/6421590

Daneshyari.com

https://daneshyari.com/en/article/6421590
https://daneshyari.com/article/6421590
https://daneshyari.com/

