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a b s t r a c t

In this work we study the solution’s existence and uniqueness for an integro-differential
nonlinear Volterra equation and then we approximate the solution of this equation by
using Nyström method.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

The purpose of the present paper is to study an integro-differential nonlinear Volterra equation. This type of equation is
very important in physics and mathematics. The non-differential case was much studied compared to the differential case
(see [1–3]). The integro-differential equations which have been studied are the case that the derivative of the unknown is
outside the integral. The equation that we study in this paper is the following:

uðtÞ ¼
Z t

a
Kðt; s;uðsÞ; u0ðsÞÞdsþ f ðtÞ; 8t 2 ½a; b�; ð1Þ

where, f 2 C1ð½a; b�Þ and u is unknown, to be found in the same space. This equation is similar to those studied in [4].
Firstly, we study this equation in analytical sense i.e. we show the existence and the uniqueness of the solution, using

ideas based on the Schauder’s fixed point theorem and similar to those used in [2,3].
Secondly, we study this equation in numerical sense: We use a Nyström method (see [1]) to approximate the solution.

Finally, we give numerical examples.

2. The equation

Let K be a function defined by,

K : ½a; b�2 � R2 ! R; t; s; x; yð Þ# K t; s; x; yð Þ:

We suppose that K satisfy the following hypotheses:
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ðH1Þ
ð1Þ @K

@t 2 Cð½a; b�2 �R2Þ;
ð2Þ 9M 2 R�þ; 8t; s 2 ½a; b�; 8x; y 2 R;

maxð Kðt; s; x; yÞj j; @K
@t ðt; s; x; yÞ
�� ��Þ 6 M:

�������
From this function, and for f 2 C1ða; bÞ, we define the functional Uf by:

8n 2 C1 a; bð Þ;8t 2 ½a; b�; Uf nð Þ tð Þ :¼
Z t

a
K t; s; n sð Þ; n0 sð Þð Þdsþ f ðtÞ:

Proposition 1. For all f 2 C1ða; bÞ;Uf is continuous from C1ð½a; b�Þ to it self.

Proof. Let n 2 C1 a; bð Þ, it is clear that Uf nð Þ is continuous on ½a; b�. For all t 2�a; b½, (see [3])

Uf nð Þ0 tð Þ :¼ K t; t; n tð Þ; n0 tð Þð Þ þ
Z t

a

@K
@t

t; s; n sð Þ; n0 sð Þð Þdsþ f 0ðtÞ;

which is continuous over �a; b½ and bounded by b� aþ 1ð ÞM þ fk kC1ða;bÞ. Then, Uf nð Þ 2 C1ða; bÞ.
Let nnf gn2N a sequence in C1 a; bð Þ, which converges to n 2 C1 a; bð Þ. We have, 8t 2 ½a; b�

lim
n!þ1

Uf nnð Þ tð Þ ¼ lim
n!þ1

Z t

a
Kðt; s; nnðsÞ; n0nðsÞÞdsþ f ðtÞ

� �
¼
Z t

a
lim

n!þ1
Kðt; s; nnðsÞ; n0nðsÞÞdsþ f ðtÞ

¼
Z t

a
Kðt; s; lim

n!þ1
nnðsÞ; lim

n!þ1
n0nðsÞÞdsþ f ðtÞ ¼ Uf ðnÞ tð Þ: �

Consider the following nonlinear integro-differential equation:

uðtÞ ¼
Z t

a
Kðt; s;uðsÞ;u0ðsÞÞdsþ f ðtÞ; 8t 2 ½a; b�; ð2Þ

where, f 2 C1ð½a; b�Þ and u is unknown, to be found in the same space. This equation contains more information about the
solution u: If both sides of the equation are derived, we obtain:

u0ðtÞ ¼ Kðt; t;uðtÞ;u0ðtÞÞ þ
Z t

a

@K
@t
ðt; s;uðsÞ;u0ðsÞÞdsþ f 0ðtÞ; 8t 2 ½a; b�; ð3Þ

The purpose of this paper, is to find conditions to ensure the existence and uniqueness of the solution. Then build a numer-
ical technique to approach it.

3. Analytical study

3.1. Existence

Theorem 2. Eq. (2) has a solution in C1ða; bÞ.

Proof. We define the following set:

F :¼ n 2 C a; bð Þ : n að Þ ¼ f ðaÞ; 8t 2 ½a; b�; nðtÞ � f ðtÞj j 6 M b� að Þ;f n0ðtÞ � f 0ðtÞj j 6 M b� aþ 1ð Þg:

It is clear that the set F is closed and convex. For all n 2 F and all t 2 ½a; b�

U nð Þ að Þ ¼ f ðaÞ;

Uf ðnÞðtÞ � f ðtÞ
�� �� ¼ Z t

a
Kðt; s; nðsÞ; n0ðsÞÞds

����
����;

6 M b� að Þ;

UðnÞ0ðtÞ � f 0ðtÞ
�� �� ¼ K t; t; nðtÞ; n0ðtÞð Þ þ

Z t

a

@K
@t
ðt; s; nðsÞ; n0ðsÞÞds

����
����;

6 M b� aþ 1ð Þ:

Then, Uf ðFÞ � F. But, Uf is continuous on C1ða; bÞ to itself and for all t; t0 2 ½a; b�
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