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a b s t r a c t

In this paper, we present some results concerning the existence, the uniqueness and the
attractivity of solutions for some functional integral equations of Riemann–Liouville
fractional order, by using some fixed point theorems.
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1. Introduction

Fractional integral equations have recently been applied in various areas of engineering, science, finance, applied math-
ematics, and bio-engineering and others. However, many researchers remain unaware of this field. There has been a signif-
icant development in ordinary and partial fractional differential and integral equations in recent years; see the monographs
of Baleanu et al. [4], Kilbas et al. [13], Miller and Ross [15], Lakshmikantham et al. [14], Podlubny [20], Samko et al. [22].
Recently some interesting results on the attractivity of the solutions of some classes of integral equations have been obtained
by Abbas et al. [1,2], Banaś et al. [5–7], Darwish et al. [8], Dhage [9–11], Pachpatte [18,19] and the references therein.

In [17], Mures�an proved some results concerning the existence, uniqueness, data dependence and comparison theorems,
by applying some results from Picard and weakly Picard operators’ theory [21], for the following functional integral equation
of the form

xðtÞ ¼ aþ f x;
Z gðtÞ

0
xðsÞds; xðhðtÞÞ

� �
; t 2 ½0; T�; ð1Þ

where T > 0; f : ½0; T� � Rn � Rn ! Rn, g;h : ½0; T� ! ½0; T�. In this paper we improve the above results for the following partial
integral equation of Riemann–Liouville fractional order of the form

uðx; yÞ ¼ lðx; yÞ þ f ðx; y; Ir
huðx; yÞ; uðx; yÞÞ; ðx; yÞ 2 J :¼ ½0; a� � ½0; b�; ð2Þ

where h ¼ ð0;0Þ; r ¼ ðr1; r2Þ; r1; r2 2 ð0;1Þ; l : J ! Rn; f : J � Rn � Rn ! Rn are given continuous functions, Ir
h is the left-

sided mixed Riemann–Liouville integral of order r.
Next, we prove some results concerning the existence and the attractivity of solutions for the following partial Riemann–

Liouville fractional order integral equation of the form

uðx; yÞ ¼ lðx; yÞ þ f ðx; y; Ir
huðx; yÞ; uðx; yÞÞ; ðx; yÞ 2 J0 :¼ Rþ � ½0; b�; ð3Þ
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where b > 0; Rþ ¼ ½0;1Þ and l : J0 ! Rn; f : J0 � Rn � Rn ! Rn are given continuous functions.
Our investigations are conducted in Banach spaces with an application of Banach’s contraction principle and Schauder’s

fixed point theorem for the existence and uniqueness of solutions of Eq. (2). We use the Schauder fixed point theorem for the
existence of solutions of Eq. (3), and we prove that all solutions are globally asymptotically stable. Also, we present some
examples illustrating the applicability of the imposed conditions.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper. By CðJÞ
we denote the Banach space of all continuous functions from J into Rn with the norm

kwk1 ¼ sup
ðx;yÞ2J
kwðx; yÞk;

where k:k denotes a suitable complete norm on Rn.
Let E be the space of functions w 2 CðJÞ, which fulfill the following condition:

9M P 0 : kwðx; yÞk 6 MekðxþyÞ; for ðx; yÞ 2 J; ð4Þ

where k is a positive constant. In the space E we define the norm

kwkE ¼ sup
ðx;yÞ2J

fkwðx; yÞke�kðxþyÞg:

According to [16], ðE; k:kEÞ is a Banach space. The above definition of k:kE is variant of Bielecki’s norm. We note that the con-
dition (4) implies that

kwkE 6 M: ð5Þ

L1ðJÞ is the space of Lebesgue-integrable functions w : J ! Rn with the norm

kwkL1 ¼
Z a

0

Z b

0
kwðx; yÞkdydx:

By BC :¼ BCðRþ � ½0; b�Þ we denote the Banach space of all bounded and continuous functions from Rþ � ½0; b� into Rn

equipped with the standard norm

kukBC ¼ sup
ðx;yÞ2Rþ�½0;b�

kuðx; yÞk:

For u0 2 BC and g 2 ð0;1Þ, we denote by Bðu0;gÞ, the closed ball in BC centered at u0 with radius g.

Definition 2.1 [23]. Let r ¼ ðr1; r2Þ 2 ð0;1Þ � ð0;1Þ; h ¼ ð0;0Þ and u 2 L1ðJÞ. The left-sided mixed Riemann–Liouville
integral of order r of u is defined by

ðIr
huÞðx; yÞ ¼ 1

Cðr1ÞCðr2Þ

Z x

0

Z y

0
ðx� sÞr1�1ðy� tÞr2�1uðs; tÞdt ds;

where Cð:Þ is the (Euler’s) Gamma function defined by CðnÞ ¼
R1

0 tn�1e�tdt; n > 0.

In particular,

ðIhhuÞðx; yÞ ¼ uðx; yÞ; ðIrh uÞðx; yÞ ¼
Z x

0

Z y

0
uðs; tÞdt ds; for almost all ðx; yÞ 2 J;

where r ¼ ð1;1Þ.
For instance, Ir

hu exists for all r1; r2 2 ð0;1Þ, when u 2 L1ðJÞ. Note also that when u 2 CðJÞ, then ðIr
huÞ 2 CðJÞ, moreover

ðIr
huÞðx;0Þ ¼ ðIr

huÞð0; yÞ ¼ 0; x 2 ½0; a�; y 2 ½0; b�:

Example 2.2. Let k;x 2 ð�1;1Þ and r ¼ ðr1; r2Þ 2 ð0;1Þ � ð0;1Þ, then

Ir
hxkyx ¼ Cð1þ kÞCð1þxÞ

Cð1þ kþ r1ÞCð1þxþ r2Þ
xkþr1 yxþr2 ; for almost all ðx; yÞ 2 J:

Let G be an operator from X � BC; X – ; into itself and consider the solutions of equation

ðGuÞðx; yÞ ¼ uðx; yÞ: ð6Þ

Now we review the concept of attractivity of solutions for Eq. (6).
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