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a b s t r a c t

In this paper, systems of nonlinear differential equations with Caputo fractional derivative
and multiple delays are considered. Using representation of a solution of differential equa-
tion with multiple delays in the form of matrix polynomial and stability results such as
Gronwall’s and Pinto’s inequality, sufficient conditions for the exponential stability of a
trivial solution of nonlinear multidelay fractional differential equations are proved.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Recently, Medved’ and Pospíšil extended in [17] the results from [10] for differential equations with a single delay to dif-
ferential equations with multiple delays, assuming the linear parts to be given by pairwise permutable matrices. In the same
paper, they used the derived matrix representation of the solution to establish the sufficient conditions for the exponential
stability of the trivial solution of a system of differential equations with multiple delays, analogically to systems with a single
delay (cf. [19]). Let us recall their result on the matrix representation of a solution.

Theorem 1. Let n 2 N; s1; . . . ; sn > 0; s :¼ maxfs1; . . . ; sng; u 2 C1
s :¼ C1ð½�s; 0Þ;RNÞ; A;B1; . . . ;Bn be N � N pairwise per-

mutable matrices, i.e. ABi ¼ BiA; BiBj ¼ BjBi for each i; j 2 f1; . . . ;ng and f : ½0;1Þ ! RN be a given function. The solution of the
Cauchy problem

_xðtÞ ¼ AxðtÞ þ B1xðt � s1Þ þ � � � þ Bnxðt � snÞ þ f ðtÞ; ð1:1Þ
xðtÞ ¼ uðtÞ; �s 6 t 6 0 ð1:2Þ

has the form

xðtÞ ¼ Yðt þ sÞuð�sÞ þ
Z 0

�s
Yðt � sÞðu0ðsÞ � AuðsÞÞds�

Xn

i¼1

Bi

Z �si

�s
Yðt � si � sÞuðsÞdsþ

Z t

0
Yðt � sÞf ðsÞds ð1:3Þ

where

YðtÞ ¼ eAte~B1 ;...;
~Bnðt�snÞ

s1 ;...;sn
; eBi ¼ e�Asi Bi; i ¼ 1; . . . ;n:
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Here eB1 ;...;Bnt
s1 ;...;sn is the so-called multi-delayed matrix exponential corresponding to delays s1; . . . ; sn and matrices B1; . . . ;Bn

defined by

eB1 ;...;Bnt
s1 ;...;sn

¼

H; t < �sn;

Xn�1ðt þ snÞ; �sn 6 t < 0;

Xn�1ðt þ snÞ þ Bn
R t

0 Xn�1ðt � s1ÞXn�1ðs1Þds1 þ � � �
� � � þ Bk

n

R t
ðk�1Þsn

R s1
ðk�1Þsn

. . .
R sk�1
ðk�1Þsn

Xn�1ðt � s1Þ

�
Yk�1

i¼1

Xn�1ðsi � siþ1ÞXn�1ðsk � ðk� 1ÞsnÞdsk . . . ds1; ðk� 1Þsn 6 t < ksn; k 2 N;

8>>>>>>>>>><>>>>>>>>>>:
ð1:4Þ

where Xn�1ðtÞ ¼ eB1 ;...;Bn�1ðt�sn�1Þ
s1 ;...;sn�1

and

eBt
s ¼

H; t < �s;
E; �s 6 t < 0;

Eþ Bt þ B2 ðt�sÞ2
2 þ � � � þ Bk ðt�ðk�1ÞsÞk

k!
; ðk� 1Þs 6 t < ks; k 2 N

8><>:
is the delayed matrix exponential from [10]. In the whole paper, H and E denote the zero and the identity matrix, respec-
tively. Moreover, we always assume that kEk ¼ 1.

We note that similar matrix representation of a solution was derived for difference equations with one delay [4], multiple
delays [18], delayed oscillators [9] and functional differential equations [23]. Such form of solutions led to results in control-
lability theory [5,11], stability theory [17–20], boundary value problems [1–3], etc.

Of course, the idea to study stability of fractional differential equations is not a new one. Recently, different types have
been discussed such as Mittag–Leffler stability [12], generalised Mittag–Leffler stability [13], Ulam stability [6,25], Ulam–
Hyers stability [7,8], etc. We note that more references can be found in an overview paper [14]. Also finite-time stability
and Lyapunov stability of fractional differential equations with retarded argument of the form

CDaxðtÞ ¼ K1xðt � s1Þ þ � � � þ Knxðt � snÞ

have been investigated using Laplace transform and final value theorem, or Lambert W function (for references see [14]).
Here

CDaf ðtÞ ¼ 1
Cð1� aÞ

Z t

0
ðt � sÞ�a _f ðsÞds

is Caputo derivative [22] of C1-function f.
In the present paper, we focus on the exponential stability of the trivial solution of integro-differential equation

CDa hðtÞð _xðtÞ � AxðtÞ � B1xðt � s1Þ � � � � � Bnxðt � snÞÞð Þ ¼ FðtÞ ð1:5Þ

as an equivalent form (see Proposition 2) of a weakly nonhomogeneous linear equation (or weakly nonlinear in case of
FðtÞ ¼ FðxðtÞÞ)

_xðtÞ ¼ AxðtÞ þ B1xðt � s1Þ þ � � � þ Bnxðt � snÞ þ
1

hðtÞ hð0Þð _xð0þÞ � Auð0Þ � B1uð�s1Þ � � � � � Bnuð�snÞÞ þ IaFðtÞ
� �

with exponentially decreasing term 1
hðtÞ. Here Ia denotes Riemann–Liouville fractional integral [22]

IaFðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1FðsÞds: ð1:6Þ

We consider different types of function F and always assume a 2 ð0;1Þ. So, we extend results from [24] where this prob-
lem was considered for a single delay. Instead of Lambert W function, we use multi-delayed matrix exponential and Theo-
rem 1 to find the representation of the solution and, consequently, to derive sufficient conditions for the exponential stability
of the trivial solution of (1.5). Note that due to the form of (1.5) we do not need to use Laplace transform either.

The paper is outlined as follows. In Section 2 we consider Eq. (1.5) with F representing the nonlinear part of this equation
independent of any delay. In Section 3, we add the dependency on delays to function F and investigate the exponential sta-
bility of the trivial solution of nonlinear differential equations with multiple delays. Finally, we provide a simple example to
illustrate our results.

For the convenience of a reader we omit only some details in the proofs of our main results, where the steps repeat. By
this, one can see how integral inequalities are applied and a desired stability result is obtained. Moreover, in Theorems 8 and
11 we state in the second condition particular cases of the first conditions (e.g. clearly if f ðxÞ ¼ oðkxk2Þ then also f ðxÞ ¼ oðkxkÞ
in the neighbourhood of 0). The reason is that, a better estimation of the nonlinear function can lead to a larger neighbour-
hood of 0 for the exponential stability. To estimate the size of the neighbourhood one would have to follow the particular
proof and it would be important whether Pinto’s or Gronwall’s inequality is used. However, these computations exceed
the scope of this paper. So we leave them for future research.
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