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a b s t r a c t

This paper is concerned with the problem of asymptotic synchronization for a class of
uncertain complex networks with delays and general uncertain perturbations. In order
to cope with the bad effects generated by the uncertain perturbations, a novel hybrid
adaptive and impulsive controller is designed such that the complex network can be
asymptotically synchronized onto an isolate chaotic system with uncertain perturbations.
All the perturbations can be different from each other. On the basis of a new lemma,
squeezing rule, and Lyapunov–Krasovskii functionals, several sufficient conditions guaran-
teeing the realization of the synchronization goal are derived. It is shown that the designed
hybrid controllers exhibit powerful robustness. Some existing results are improved and
extended. Numerical simulations verify the effectiveness of the theoretical results and
the robustness of the new controller.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, much attention has been payed to the dynamics of complex networks. The main reason is that many real
systems can be described by complex dynamical networks, such as the internet networks [1], biological networks [2],
epidemic spreading networks [3], collaborative networks [4] and social networks [5], etc.

Synchronization, as an important collective behavior of complex dynamical networks, has received particular attention
due to its broad applications in different fields such as secure communication [6], information processing [7]. In the litera-
ture, there are many results concerning synchronization of complex dynamical networks with and without delays [8–14].
Along with the study of synchronization, different control techniques have also been developed. For instance, state feedback
control, adaptive control, intermittent control, impulsive control, pinning control. Among these control techniques, adaptive
control and impulsive are attractive. Adaptive control is an effective control technique in synchronizing coupled chaotic sys-
tems due to its good robustness [8,11–15,19]. The advantage of adaptive control is that the control parameters can adjust
themselves according to some suitable updating laws, which are designed according to control purpose and characteristics
of considered system. By using adaptive control, authors of [8] studied the synchronization for a class of general uncertain
coupled complex networks with delays and stochastic perturbations. Impulsive control is attractive since the it acts only at
discrete time-points. By using impulsive control technique, control cost and the amount of the transmitted information can
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be reduced drastically [20–24]. Recently, by integrating both the advantages of adaptive and impulsive control methods, the
authors of [25,26] investigated the synchronization for a class of uncertain complex dynamical networks. However, the
authors of [25,26] did not consider time delay. It is well known that time delays usually exist in spreading due to the finite
speeds of transmission as well as traffic congestions. Therefore, it is significant to investigate the synchronization of complex
networks with delays.

It is worth noting that, in most of existing papers concerning synchronization of complex networks, all dynamical nodes
are assumed to immune from uncertain perturbations. In practice, chaotic systems are inevitably subject to many types of
uncertainties, such as unknown parameters, unknown nonlinearities, exogenous disturbances and artificial factors, etc. For
instance, it is reported that the famous Lorenz system is derived from partial differential equations after a series of approx-
imations [27]. On the other hand, it is difficult to keep the coupled systems to be identical all the time since the parameters of
dynamical nodes may be variant due to environmental changes [28]. Thus, studying synchronization of complex networks
with uncertain perturbations is necessary and useful in both theoretical research and practical applications. In [8], synchro-
nization of complex networks subject to random perturbations was studied. In [14,17], synchronization in an array of sto-
chastically coupled networks was studied, However, as every one knows, not all perturbations are stochastic. The common
feature of the perturbations in [8,14,17] is that, when synchronization has been realized, the perturbations vanish. However,
if nonzero uncertain exogenous inputs are acquired by some nodes in a complex network, then the uncertain perturbations
induced by the exogenous inputs can not disappear even all the dynamical nodes synchronize with each other. Recently,
based on the passivity property and linearization method, authors of [29] studied the problems of passive control and syn-
chronization of complex networks with and without coupling delay. However, their results were conditioned by the assump-
tion that exogenous input to each node was zero. A natural question is: do complex networks subject to general uncertain
perturbations can be controlled to synchronization? This paper will give a positive answer. Our method to deal with syn-
chronization of complex networks with general uncertain perturbations is designing a new adaptive controller, which con-
tains the usual adaptive controller used in [8–19,25,26] as a special case.

To sum up, this paper shall study synchronization for a class of uncertain complex dynamical networks with delays and
general uncertainties. In order to synchronize the considered model onto an isolate node system with different uncertain
perturbations, new hybrid adaptive and impulsive controller is designed. Several synchronization criteria are derived by
using squeezing rule and Lyapunov–Krasovskii functions. The designed adaptive controller includes the usual adaptive con-
troller as a special case. It is shown theoretically and numerically that the hybrid controller exhibits powerful robustness. It
can synchronize the considered model onto a smooth trajectory even without knowing priori whether each node in the net-
work is perturbed or not. Some existing results are improved and extended. Numerical simulations verify the effectiveness of
the theoretical results.

The rest of this paper is organized as follows. In Section II, the considered model of coupled dynamical networks with uncer-
tain perturbations is presented. Some necessary assumptions, definitions and lemmas are also given in this section. Section III
develops several synchronization criteria for the proposed model. Synchronization rate is also estimated for the considered
model without delay. Then, in Section IV, a simulation example is presented to show the effectiveness and robustness of the
new controller. Finally, Section V reaches some conclusions. Future research field is also discussed in this section.

Notations: Symbols in this paper are quite standard. Rn denotes the n-dimensional Euclidean space, the superscript T
stands for the transpose of a vector, accordingly, for vector x 2 Rn, kxk ¼ xT x;Rþ ¼ ½0;þ1Þ;N denotes the set of natural num-
bers, oðyÞ denotes infinitesimal of higher order than function y. sgnð�Þ is the sign function, I is an identity matrix with appro-
priate dimension, kmaxðAÞ is the maximum eigenvalue of the matrix A.

2. Preliminaries

Consider a complex dynamical network consisting of N identical nodes with uncertain couplings and uncertain perturba-
tions, which is described as

_xiðtÞ ¼ f1ðt; xiðtÞÞ þ f2ðt; xiðt � s1ÞÞ þ hiðx1ðtÞ; x2ðtÞ; . . . ; xNðtÞÞ þ giðx1ðt � s2Þ; x2ðt � s2Þ; . . . ; xNðt � s2ÞÞ
þ riðt; xiðtÞ; xiðt � s3ÞÞ; i ¼ 1;2; . . . ;N; ð1Þ

where xiðtÞ ¼ ½xi1ðtÞ; . . . ; xinðtÞ�T 2 Rn represents the state vector of the ith node. f1 and f2 : Rþ � Rn ! Rn are continuously dif-
ferentiable nonlinear vector functions. s1; s2 and s3 are time delays. hi; gi : RnN ! Rn are unknown coupling functions. Vector
riðt; xiðtÞ; xiðt � s3ÞÞ ¼ ½ri1ðt; xiðtÞ; xiðt � s3ÞÞ; . . . ;rinðt; xiðtÞ; xiðt � s3ÞÞ�T 2 Rn describes the uncertain perturbations to the ith
node.

We assume that (1) has a unique continuous solution for any initial condition of the following form:
xiðsÞ ¼ uiðsÞ 2 Cð½�s;0�;RnÞ; i ¼ 1;2; . . . ;N, where s ¼maxfs1; s2; s3g, Cð½�s;0�;RnÞ denotes the set of all continuous func-
tions from ½�s;0� to Rn.

The delayed dynamics of an isolate node with uncertain perturbation are described by

_zðtÞ ¼ f1ðt; zðtÞÞ þ f2ðt; zðt � s1ÞÞ þ rðt; zðtÞ; zðt � s3ÞÞ; ð2Þ

where rðt; zðtÞ; zðt � s3ÞÞ ¼ ½r1ðt; zðtÞ; zðt � s3ÞÞ; . . . ;rnðt; zðtÞ; zðt � s3ÞÞ�T 2 Rn describes the uncertain perturbation on the
isolate node, and zðtÞ can be any desired state: equilibrium point, a nontrivial periodic orbit, or even a chaotic orbit.
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