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a Brno University of Technology, Brno, Czech Republic
b Department of Mathematics, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel

a r t i c l e i n f o

Keywords:
Global attractor without positive steady
state
Delayed equation
Population model
Quadratic nonlinearity

a b s t r a c t

A population model described by a nonlinear delay differential equation with a quadratic
nonlinearity

_xðtÞ ¼
Xm

k¼1

akðtÞxðhkðtÞÞ � bðtÞx2ðtÞ; t P 0

is considered where m P 1 is an integer, functions ak; b : ½0;1Þ ! ð0;1Þ are continuous,
functions hk : ½0;1Þ ! R are continuous such that t � s 6 hkðtÞ 6 t; s ¼ const; s > 0, and,
for any t P 0, the inequality hjðtÞ < t holds for at least one index j 2 f1; . . . ;mg.

Although this equation does not have a positive steady state, a new method not based on
the existence of a positive steady state is developed and used to investigate the perma-
nence, global attractivity conditions and nonoscillation properties.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

In the monograph [1], the author considers the following population model with a quadratic nonlinearity

_xðtÞ ¼
Xm

k¼1

akxðt � skÞ � bx2ðtÞ; t P 0; ð1Þ

where ak; b and sk are positive constants, and with the initial condition

xðtÞ ¼ uðtÞ; t 2 ½�s�;0�;

where u : ½�s�;0� ! ð0;1Þ is a continuous function and s� ¼ maxk¼1;...;msk. He proved that the positive equilibrium

K� :¼ 1
b
�
Xm

k¼1

ak ð2Þ

is a global attractor for all positive solutions of the Eq. (1). A similar result was obtained in [2] for m ¼ 1.
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This result is different from almost all known results about stability for nonlinear delay differential equations since there
are no limitations on the parameters entering Eq. (1).

In [3], we considered the equation

_xðtÞ ¼ rðtÞ
Xm

k¼1

akxðhkðtÞÞ � bx2ðtÞ
" #

; t P 0; ð3Þ

where ak and b are positive constants, hk : ½0;1Þ ! R are continuous functions such that inequalities t � s 6 hkðtÞ 6 t are
valid for a s ¼ const; s > 0, for any t P 0, the inequality hjðtÞ < t holds for at least one j 2 f1; . . . ;mg, and
r : ½0;1Þ ! ð0;1Þ is a continuous function satisfying inequality rðtÞP r0 ¼ const for an r0 > 0. We also proved that the
positive equilibrium K�, defined by (2), is a global attractor for all positive solutions of (3).

In [4] the authors consider the equation

_xðtÞ ¼ axðt � sÞ
1þ bxðt � sÞ � lxðtÞ � jx2ðtÞ; ð4Þ

with constants a; b;l;j and s positive, which has asymptotic properties similar to those of Eqs. (1) and (3). In particular, the
unique positive equilibrium of Eq. (4) attracts all positive solutions of this equation.

The following result was also obtained in [4]. If the initial function is greater (smaller) than the positive equilibrium, then
the solution of Eq. (4) is also greater (smaller) than this equilibrium.

In the present paper, we will consider the equation

_xðtÞ ¼
Xm

k¼1

akðtÞxðhkðtÞÞ � bðtÞx2ðtÞ; t P 0; ð5Þ

where ak; b : ½0;1Þ ! ð0;1Þ are continuous functions, for some positive constants a0;A0; b0 and B0 inequalities

a0 6 akðtÞ 6 A0; b0 6 bðtÞ 6 B0

hold on ½0;1Þ, functions hk : ½0;1Þ ! R are continuous such that, for a constant s > 0, we have

t � s 6 hkðtÞ 6 t

and, for each t 2 ½0;1Þ,

min
j2f1;...;mg

hjðtÞ < t: ð6Þ

Together with (5) we consider an initial problem

xðtÞ ¼ uðtÞ; t 2 ½�s; 0�; ð7Þ

where u : ½�s;0� ! ð0;1Þ is a continuous function.
We will discuss the asymptotic properties of the problem (5) and (7). Unlike Eqs. (1), (3) and (4), (5) does not have a po-

sitive steady state. Such equations are more difficult to investigate than equations with a positive steady state and we note
that there are not so many papers on equations with such a property. We can mention here a very interesting paper [5], in
which the author considers a general delay logistic equation without positive steady state and gives a survey on some other
papers with a similar property.

In this paper, we prove that the solution of problem (5) and (7) is positive and global. Let us recall that a function
x : ½�s;1Þ ! R continuous on ½�s;1Þ and continuously differentiable on ½0;1Þ is called a global solution of problem (5)
and (7) if it satisfies Eq. (5) on ½0;1Þ and initial condition (7).

We also prove that Eq. (5) is uniformly permanent obtaining explicit eventually lower and upper bounds of all solutions.
Finally, we obtain some nonoscillation properties of Eq. (5), similar to those obtained in [4] for Eq. (4).

We will use the following standard notions, defined below.

Definition 1. A number K > 0 is a global attractor for all solutions of Eq. (5) defined by all initial functions (7) if every
solution of (5) and (7) is a global solution and limt!1xðtÞ ¼ K.

Definition 2. Eq. (5) is called uniformly permanent if there exist two positive numbers m;M;m < M such that, for all solu-
tions xðtÞ of Eq. (5) defined by all initial functions (7), we have

m 6 lim inf
t!1

xðtÞ 6 lim sup
t!1

xðtÞ 6 M:

2. Main results

Theorem 1. Every solution of problem (5) and (7) is a positive and global solution.
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