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a b s t r a c t

A singularly perturbed differential difference equation with small delay is discretized on an
adaptive grid which is formed by equidistributing arc-length monitor function. We first
derive first-order maximum norm a posteriori estimates for the full discretization scheme
of these problems. Then a first-order rate of convergence, independent of the perturbation
parameter and the small delay parameter, is established. Numerical results are provided
that support our theoretical estimates.
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1. Introduction

In this paper, we consider the following singularly perturbed differential-difference equation in the domain X ¼ ð0;1Þ:

� eu00eðxÞ � aðxÞu0eðx� dÞ þ bðxÞueðxÞ ¼ f ðxÞ; ð1:1Þ
ueðxÞ ¼ /ðxÞ; �d 6 x 6 0; ueð1Þ ¼ c; ð1:2Þ

where 0 < e� 1 is a small parameter and the delay parameter d is such that 0 < d� 1, which is of OðeÞ. The functions
aðxÞ; bðxÞ; f ðxÞ and /ðxÞ 2 C½0;1� , and c is a constant. These equations are known as DDE. Differential–difference equations
(DDE) are widespread in many branches of sciences and have been used for many years in the biosciences, engineering and
control theory, etc. (see [1]). If we restrict these equations to a class in which the highest derivative term is multiplied by a
small parameter, then we get singularly perturbed delay differential equations of the retarded type.

Owing to the presence of steep layer in the solution of (1.1) and (1.2), it is difficult to approximate the solution efficiently
by various numerical methods using uniform grid [2,3]. To obtain a reliable numerical solution, many authors think of solv-
ing the above problem by using layer-adapted mesh approach. Kadalbajoo and Ramesh [4] first analysed a simple upwind
scheme, midpoint upwind scheme and a hybrid scheme, respectively, on a Shishkin mesh to approximate the solution of
the problem (1.1) and (1.2), where the hybrid algorithm used central difference in the boundary layer region and midpoint
upwind scheme outside the boundary layer. Then, they used the same method to solve the second-order differential equa-
tions in which the highest order derivative was multiplied by a small parameter e and both the differentiated (convection)
and undifferentiated (reaction) terms were with negative shift d (see [5]). In [6], Patidar and Sharma used non-standard finite
difference methods (NSFDMs) to solve the problem (1.1) and (1.2)), and they shew that these NSFDMs were e-uniformly con-
vergent. Kadalbajoo and Kumar [7,8] considered the linear and nonlinear case of problem (1.1) and (1.2). Using the B-spline

0096-3003/$ - see front matter � 2013 Published by Elsevier Inc.
http://dx.doi.org/10.1016/j.amc.2013.10.085

q This work is supported by National Science Foundation of China (11271145, 11301044), Foundation for Talent Introduction of Guangdong Provincial
University, Specialized Research Fund for the Doctoral Program of Higher Education (20114407110009), and the Project of Department of Education of
Guangdong Province (2012KJCX0036), and the Scientific Research Foundation of Graduate School of South China Normal University (2012kyjj118).
⇑ Corresponding author.

E-mail address: yanpingchen@scnu.edu.cn (Y. Chen).

Applied Mathematics and Computation 227 (2014) 801–810

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc

http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2013.10.085&domain=pdf
http://dx.doi.org/10.1016/j.amc.2013.10.085
mailto:yanpingchen@scnu.edu.cn
http://dx.doi.org/10.1016/j.amc.2013.10.085
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


collocation method, they obtained almost second-order parameter uniform convergence on a piecewise-uniform mesh. Rao
and Chakravarthy [9] proposed an exponentially fitted tridiagonal finite difference method for problem (1.1) and (1.2). The
method was shown to be second-order e uniform convergent.

Another approach is the use of adaptive mesh generated by equidistributing a monitor function over the domain of the
problem. Very recently, Mohapatra and Natesan [10,11] presented an upwind difference scheme for a class of singularly per-
turbed differential–difference equations on a grid which was formed by equidistributing arc-length monitor function. Their
method was shown to be first-order accurate in the maximum norm. They studied the optimal order which was independent
of the perturbation parameter for the problem (1.1) and (1.2) based on a semi-discretization approach. In this work, we will
derive the maximum norm a posteriori error estimates for the full discretization scheme of (1.1) and (1.2). Then, by using the
techniques developed in [12], we obtain the first-order rate of convergence for the presented adaptive grid scheme, indepen-
dent of the perturbation parameter and the delay parameter.

Notations Throughout this paper we use C, sometimes subscripted, to denote a generic positive constant that is indepen-
dent of the parameters e; d and mesh parameter N. It may take different values in different place. In our estimates, we use the
L1; L1 and the negative norms defined by

kvðxÞk1 ¼ ess sup
x2½0;1�

jvðxÞj; kvðxÞk1 ¼
Z 1

0
jvðxÞjdx; kvðxÞk� ¼ min

V :V 0¼v
kVðxÞk1:

A mesh function u :¼ fuðtiÞgN
i¼0 is a real-valued function. Define the discrete maximum norm for such functions by

kuk1 ¼maxi¼0;1;...;NjuðtiÞj.

2. Continuous problem

Assuming that d ¼ ke > 0, where k is sufficiently small, and using the technique as done in [13,14], we shall expand
the delay arguments through Taylor’s series expansion on the solution of (1.1) and (1.2), so that the problem (1.1) and
(1.2) reduces to a standard singularly perturbed two-point boundary value problem. However, for large k, there may be
oscillations in the solution that grow exponentially. Some methods are developed in [15,16] to solve such kind of problems.
Thus, we do not consider the case for large k in this paper. Now, expanding the delay terms, we have

u0eðx� dÞ ¼ u0eðxÞ � du00eðxÞ þ � � � ; as e! 0: ð2:1Þ

Using the first two terms of (2.1) in the differential equation given by (1.1) and (1.2), we can obtain the following singularly
perturbed boundary value problem

LuðxÞ :¼ �½e� daðxÞ�u00ðxÞ � aðxÞu0ðxÞ þ bðxÞuðxÞ ¼ f ðxÞ; x 2 X ¼ ð0;1Þ;
uðxÞ ¼ /ðxÞ; �d 6 x 6 0;
uð1Þ ¼ c:

8><>: ð2:2Þ

It is noted that the problem (2.2) is an approximate differential equation which is different from the original Eq. (1.1) and
(1.2) by a term which is of Oðe2Þ. Thus, in (2.2), we use uðxÞ as a different notation for ueðxÞ. In addition, we have taken /ðxÞ as
a constant (see [13,14]), and assume that

a P aðxÞP a; b P bðxÞP b; jb0ðxÞj 6 b; jf ðxÞj 6 c

and e� aðxÞd > 0;8x 2 ½0;1�. Under these assumptions, there has a unique solution for the above problem (2.2) which has a
boundary layer of thickness OðeÞ near the boundary x ¼ 0. Let Gðx; nÞ be the Green’s function associated with L and Dirichlet
boundary conditions. Then the solution u of (2.2) is given by

uðxÞ ¼
Z 1

0
Gðx; nÞf ðnÞdn: ð2:3Þ

The operator L satisfies a maximum principle (see [10] Lemma 2.1), which implies the following stability estimate:

Lemma 2.1 (Stability result for continuous problem). Let uðxÞ be the solution of problem (2.2), then

kuðxÞk1 6 max juð0Þj; juð1Þjf g þ 1
b
jLuðxÞj jj1 ð2:4Þ

kuðxÞk1 6
2
a
kLuðxÞk�: ð2:5Þ

Proof. The proof of (2.4) can be seen in Lemma 2.2 of [10].

For the Green’s function we have the following bounds from [17]
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