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a b s t r a c t

In this paper, we deal with a new type of differential equations called anticipated backward
doubly stochastic differential equations (anticipated BDSDEs). The coefficients of these
BDSDEs depend on the future value of the solution ðY ; ZÞ. We obtain the existence and
uniqueness theorem and a comparison theorem for the solutions of these equations.
Besides, as an application, we also establish a duality between the anticipated BDSDEs
and the delayed doubly stochastic differential equations (delayed DSDEs).

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Backward stochastic differential equation (BSDE) was considered the general form the first time by Pardoux and Peng [10]
in 1990. In the last twenty years, the theory of BSDEs has been studied with great interest due to its applications in the pric-
ing/hedging problem (see e.g. [4,5]), in the stochastic control and game theory (see e.g. [5,6]), and in the theory of partial
differential equations (see e.g. [2,3,11]).

In order to give a probabilistic representation for a class of quasilinear stochastic partial differential equations (SPDEs),
Pardoux and Peng [12] first studied the backward doubly stochastic differential equations (BDSDEs) of the general form

Yt ¼ nþ
Z T

t
f ðs;Ys; ZsÞdsþ

Z T

t
gðs;Ys; ZsÞd B

 
s �
Z T

t
ZsdWs; t 2 ½0; T�; ð1:1Þ

where the integral with respect to fBtg is a ’’backward Itô integral’’, and the integral with respect to fWtg is a standard for-
ward integral. Note that these two types of integrals are particular cases of the Itô-Skorohod integral, see Nualart and Par-
doux [9]. Pardoux and Peng [12] proved that under Lipschitz condition on the coefficients, BDSDE (1.1) has a unique solution.
Since then, the theory of BDSDEs has been developed rapidly by many researchers. Bally and Matoussi [1] gave the proba-
bilistic representation of the solutions in Sobolev space of semilinear SPDEs in terms of BDSDEs. Matoussi and Scheutzow [8]
studied BDSDEs and their applications in SPDEs. Shi et al. [14] proved a comparison theorem for BDSDEs with Lipschitz con-
dition on the coefficients. Lin [7] obtained a generalized comparison theorem and a generalized existence theorem of
BDSDEs.

On the other hand, recently, Peng and Yang [13] (see also [16]) introduced the socalled anticipated BSDEs (ABSDEs) of the
following form:

�dYt ¼ f ðt;Yt ; Zt ;YtþdðtÞ; ZtþfðtÞÞdt � ZtdWt; t 2 ½0; T�;
Yt ¼ nt ; t 2 ½T; T þ K�;
Zt ¼ gt; t 2 ½T; T þ K�;

8><
>:

where dð�Þ : ½0; T� ! Rþ n f0g and fð�Þ : ½0; T� ! Rþ n f0g are continuous functions satisfying
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(a1) there exists a constant K P 0 such that for each t 2 ½0; T�,

t þ dðtÞ 6 T þ K; t þ fðtÞ 6 T þ K;

(a2) there exists a constant M P 0 such that for each t 2 ½0; T� and each nonnegative integrable function gð�Þ,Z T

t
gðsþ dðsÞÞds 6 M

Z TþK

t
gðsÞds;

Z T

t
gðsþ fðsÞÞds 6 M

Z TþK

t
gðsÞds:

Peng and Yang [13] proved the existence and uniqueness of the solution to the above equation, and studied the duality be-
tween anticipated BSDEs and delayed SDEs.

In this paper, we are interested in the following BDSDEs with coefficients depending on the future value of the solution
ðY ; ZÞ:

�dYt ¼ f ðt;Yt ; Zt ;YtþdðtÞ; ZtþfðtÞÞdt

þgðt;Yt; Zt; YtþdðtÞ; ZtþfðtÞÞd B
 

t � ZtdWt ; t 2 ½0; T�;
Yt ¼ nt ; t 2 ½T; T þ K�;
Zt ¼ gt; t 2 ½T; T þ K�;

8>>>><
>>>>:

ð1:2Þ

where d > 0 and f > 0 satisfy (a1) and (a2).
We prove that under proper assumptions, the solution of the above anticipated BDSDE (ABDSDE) exists uniquely, and a

comparison theorem is given for the 1-dimensional anticipated BDSDEs. It may be mentioned here that, to deal with (1.2),
the most important thing for us is to establish the similar conclusions as in Ref. [12,14] for BDSDE (1.1) with n belonging to a
larger space. Besides, as an application, we study a duality between the anticipated BDSDE and delayed DSDE.

The paper is organized as follows: in Section 2, we make some preliminaries. In Section 3, we mainly study the existence
and uniqueness of the solutions of anticipated BDSDEs, and in Section 4, a comparison result is given. As an application, in
Section 5, we establish a duality between an anticipated BDSDE and a delayed DSDE. Finally in Section 6, the conclusion and
future work are presented.

2. Preliminaries

Let T > 0 be fixed throughout this paper. Let fWtgt2½0;T� and fBtgt2½0;T� be two mutually independent standard Brownian
motion processes, with values respectively in Rd and Rl, defined on a probability space ðX;F ; PÞ. Let N denote the class of
P-null sets of F . We define

F t :¼ FW
0;t _ F B

t;T ; t 2 ½0; T�; Gs :¼ FW
0;s _ F B

s;TþK ; s 2 ½0; T þ K�;

where for any processes futg, F
u
s;t ¼ rfur �us; s 6 r 6 tg _ N . We will use the following notations:

� L2ðGT ; RmÞ :¼ fn 2 Rm j n is a GT -measurable random variable such that Ejnj2 < þ1g;
� L2

Gð0; T; RmÞ :¼ fu : X� ½0; T� ! Rm j u is a Gt-progressively measurable process such that E
R T

0 jut j
2dt < þ1g;

� S2
Gð0; T; RmÞ :¼ fu : X� ½0; T� ! Rmju is a continuous and Gt-progressively measurable process such that

E½sup06t6T jutj
2� < þ1g.

Remark 2.1. It should be mentioned here that, the existing result about BDSDEs are established almost under the condition
that the terminal value n is F T -measurable (see [12,14], etc.). In this paper, we will first treat the case when n is GT -
measurable.

For each t 2 ½0; T�, let

f ðt; �; �; �; �Þ : X� ½0; T� � Rm � Rm�d � L2
Gðt; T þ K; RmÞ � L2

Gðt; T þ K; Rm�dÞ ! L2ðGt ; R
mÞ;

gðt; �; �; �; �Þ : X� ½0; T� � Rm � Rm�d � L2
Gðt; T þ K; RmÞ � L2

Gðt; T þ K; Rm�dÞ ! L2ðGt; R
m�lÞ:

We make the following hypotheses:
ðH1Þ There exists a constant c > 0 such that for any r;�r 2 ½t; T þ K�; ðt; y; z; h;/Þ; ðt; y0; z0; h0;/0Þ 2

½0; T� � Rm � Rm�d � L2
Gðt; T þ K; RmÞ � L2

Gðt; T þ K; Rm�dÞ,

jf ðt; y; z; hr ;/�rÞ � f ðt; y0; z0; h0r ;/
0
�rÞj

2
6 cðjy� y0j2 þ jz� z0j2 þ EF t ½jhr � h0rj

2 þ j/�r � /0�r j
2�Þ:

ðH2Þ E
R T

0 jf ðs;0; 0;0;0Þj
2ds

h i
< þ1.

ðH3Þ There exist constants c > 0;0 < a1 < 1;0 6 a2 <
1
M, satisfying 0 < a1 þ a2M < 1, such that for any

r;�r 2 ½t; T þ K�; ðt; y; z; h;/Þ; ðt; y0; z0; h0;/0Þ 2 ½0; T� � Rm � Rm�d � L2
Gðt; T þ K; RmÞ � L2

Gðt; T þ K; Rm�dÞ,
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