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a b s t r a c t

In this paper we provide an application of the Euler–Maclaurin summation formula with
the Bernoulli function for the proof of a strengthened version of the half-discrete Hilbert
inequality with the best constant factor in terms of the Euler–Mascheroni constant. Some
equivalent numerical representations, operator representations, two kinds of reverses as
well as an extension in terms of parameters and the Beta function are also studied.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Assuming that p > 1; 1
pþ 1

q ¼ 1; f ðxÞ; gðyÞP 0; f 2 LpðRþÞ; g 2 LqðRþÞ,

jjf jjp ¼
Z 1

0
f pðxÞdx

� �1
p

> 0;

jjgjjq > 0, the following Hardy–Hilbert integral inequality (cf. [1]) holdsZ 1

0

Z 1

0

f ðxÞgðyÞ
xþ y

dxdy <
p

sinðp=pÞ jjf jjpjjgjjq; ð1:1Þ

where the constant factor p= sinðp=pÞ is the best possible.
If am; bn P 0; a ¼ famg1m¼1 2 lp

; b ¼ fbng1n¼1 2 lq
; jjajjp ¼ f

P1
m¼1ap

mg
1
p > 0; jjbjjq > 0, then we have the following discrete

Hardy–Hilbert inequalityX1
m¼1

X1
n¼1

ambn

mþ n
<

p
sinðp=pÞ jjajjpjjbjjq; ð1:2Þ

with the same best constant factor p= sinðp=pÞ.
Inequalities of the form (1.1) and (1.2) are important in analysis and its applications (cf. [1–3]).
In 1998, Yang [4] gave an extension of (1.1) for p ¼ q ¼ 2, by introducing an independent parameter k 2 ð0;1�. In order to

generalize the results of [4], Yang in [5,6] gave some extensions of (1.1) and (1.2) as follows: If k1 þ k2 ¼ k 2 R; kkðx; yÞ is a
non-negative homogeneous function of degree �k,
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kðk1Þ ¼
Z 1

0
kkðt;1Þtk1�1dt 2 Rþ; ð1:3Þ

/ðxÞ ¼ xpð1�k1Þ�1; wðxÞ ¼ xqð1�k2Þ�1;

f ðxÞ; gðyÞP 0; f 2 Lp;/ðRþÞ ¼ f jjjf jjp;/ :¼
Z 1

0
/ðxÞjf ðxÞjpdx

� �1
p

<1
( )

and

g 2 Lq;wðRþÞ; jjf jjp;/; jjgjjq;w > 0;

then Z 1

0

Z 1

0
kkðx; yÞf ðxÞgðyÞdxdy < kðk1Þjjf jjp;/jjgjjq;w; ð1:4Þ

where the constant factor kðk1Þ is the best possible. Moreover, if kkðx; yÞ is finite and kkðx; yÞxk1�1kkðx; yÞyk2�1 is strictly
decreasing with respect to x > 0 ðy > 0Þ, then for am; bn P 0,

a ¼ famg1m¼1 2 lp;/ :¼ ajjjajjp;/ :¼
X1

n¼1
/ðnÞjanjp

n o1
p
<1

� �
and

b ¼ fbng1n¼1 2 lq;w; jjajjp;/; jjbjjq;w > 0;

we haveX1
m¼1

X1
n¼1

kkðm;nÞambn < kðk1Þjjajjp;/jjbjjq;w; ð1:5Þ

with the same best possible constant factor kðk1Þ.
Clearly, for k ¼ 1; k1ðx; yÞ ¼ 1=ðxþ yÞ; k1 ¼ 1=q; k2 ¼ 1=p, (1.4) reduces to (1.1), while (1.5) reduces to (1.2). Some other

results including the reverse Hilbert-type inequalities and the operator expressions are provided by [7–23,59].
Hardy, Littlewood and Pólya presented in Theorem 351 of [1] a few results on half-discrete Hilbert-type inequalities with

non-homogeneous kernels. However, they did not prove that the constant factors in the inequalities are the best possible.
Yang in [24] proved the following result on the non-homogeneous Hilbert kernel 1=ð1þ nxÞk;0 < k 6 2:Z 1

0

X1
n¼1

anf ðxÞ
ð1þ nxÞk

dx < B
k
2
;
k
2

� � X1
n¼1

n
k
2�1a2

n

( )1
2 Z 1

0
x

k
2�1f 2ðxÞdx

� �1
2

; ð1:6Þ

where the constant factor B k
2 ;

k
2

� �
is the best possible and Bðu;vÞ stands for the Beta function. Some other results related to

half-discrete Hilbert-type inequalities are presented in [25–45].
In this paper, by the use of the method of weight functions and techniques of Real Analysis, we apply the Euler–Maclaurin

summation formula with the Bernoulli function to give a strengthened version of the half-discrete Hilbert inequality with
the best constant factor involving the Euler–Mascheroni constant, as follows:

I :¼
Z 1

1
f ðxÞ

X1
n¼1

an

nþ x
dx ¼

X1
n¼1

an

Z 1

1

f ðxÞ
nþ x

dx

<
X1
n¼1

p
sin p

r

� �� ln 2
n1=r

" #
n

p
r�1ap

n

( )1
p Z 1

1

p
sin p

r

� �� 1� c
x1=s

" #
x

q
s�1f qðxÞdx

( )1
q

ð1:7Þ

where c is the Euler–Mascheroni constant, p; r > 1 and 1
p þ 1

q ¼ 1
r þ 1

s ¼ 1.
The equivalent forms, the operator expressions, two kinds of reverses as well as the extension with parameters and the

Beta function are also considered.

Remark 1.1. The Euler–Mascheroni constant c ¼ c0 is also called Stieltjes constant of order 0, which is the first constant of
the Laurent series of the Riemann zeta function fðsÞ in the isolated singular point s0 ¼ 1, as presented in the following
formula (cf. [6]):

fðsÞ ¼ 1
s� 1

þ
X1
n¼0

ð�1Þn cn

n!
ðs� 1Þn; 0 < js� 1j <1: ð1:8Þ

The Riemann zeta function, the Gamma function, the Beta function, etc., are of great importance in Number Theory and its
applications. For the modern development of Analytic Number Theory, refer to [46–54].
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