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a b s t r a c t

The current article focus on the ordinary Bernoulli, Euler and Genocchi numbers and poly-
nomials. It introduces a new approach to obtain identities involving these special polyno-
mials and numbers via generating functions. As an application of the new approach, an
easy proof for the main result in [6] is given. Relationships between the Genocchi and
the Bernoulli polynomials and numbers are obtained. Some interesting identities are
discovered.

� 2013 The Authors. Published by Elsevier Inc.

1. Introduction and basic definitions

The use of polynomials in many areas of science and engineering is quite remarkable: numerical analysis, operator theory,
special functions, complex analysis, statistics, sorting and data compression, etc. Throughout this paper we shall focus on
three special polynomials. These useful polynomials are the Bernoulli, Euler and Genocchi polynomials. The Bernoulli poly-
nomials and the Bernoulli numbers, for example, are of fundamental importance in several parts of analysis and in the cal-
culus of finite difference. These polynomials and numbers have applications in many fields. For example, in numerical
analysis, statistics and combinatorics. The interested reader may refer to [1,2,4,6–9,11,15–17,19,29,31,41,44] and the refer-
ences therein. The basic properties of Bernoulli numbers and polynomials are well known and are outlined, for example in
[5,10,12,14,22,34,39,42].

The generating functions have an important role in many branches of mathematics, statistics and computer science, see
for example [26,27,36,43].

The main object of the current paper is to show that the generating functions approach can be employed efficiently to
obtain old and new identities involving the Bernoulli, Euler and Genocchi polynomials and numbers.

The current paper is organized as follows: In the next section, we list some important properties, without proofs, for some
exponential generating functions. The main results of this paper are given in Sections 3 and 4. Finally, a conclusion is given in
Section 5.

Throughout the paper, dnm is the kronecker symbol which is equal to 1 or 0 according as n ¼ m or not. Also empty sum-
mation is assumed equal to zero.

Definition 1.1 [36]. The falling factorial of x; ðxÞn is defined by
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ðxÞn ¼
1 if n ¼ 0;
xðx� 1Þðx� 2Þ . . . ðx� nþ 1Þ if n P 1:

�

Definition 1.2 [13]. Let f is a real valued function. The forward difference operator, D of f is defined by

Df ðxÞ ¼ f ðxþ 1Þ � f ðxÞ:

Generating functions are one of the most surprising, useful, and clever tools in mathematics, computer science and statistics.
By using generating functions, we can transform problems about sequences which they generate into problems about real
valued functions.

Definition 1.3 [36]. The ordinary generating function (OGF) of a sequence < a0; a1; a2; . . . > is defined by

f ðxÞ ¼
X1
n¼0

an xn:

Definition 1.4 [26]. The exponential generating function (EGF) of a sequence < a0; a1; a2; . . . > is defined by

f ðxÞ ¼
X1
n¼0

an
xn

n!
:

Throughout this paper, we shall be concerned with the exponential generating functions. For these generating functions, we
have
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� �
ak bn�k; n P 0: ð2Þ

If gðxÞ is the generating function of the sequence < a0; a1; a2; . . . >, then we may write the correspondence between the se-
quence and its generating function by using a double-sided arrow as follows

< a0; a1; a2; . . . >$ gðxÞ ¼ a0 þ a1 xþ a2 x2 þ � � � ð3Þ

Definition 1.5 [18]. The sequences < B0;B1;B2; . . . > of the Bernoulli numbers, Bn; n P 0 and < B0ðxÞ; B1ðxÞ; B2ðxÞ; . . . > of
the Bernoulli polynomials, BnðxÞ; n P 0 are defined by the exponential generating functions

GðtÞ ¼ t
et � 1

¼
X1
n¼0

Bn
tn

n!
ð4Þ

and

Fðx; tÞ ¼ tex t

et � 1
¼
X1
n¼0

BnðxÞ
tn

n!
; ð5Þ

respectively.
The first 6 Bernoulli polynomials are

B0ðxÞ ¼ 1 B1ðxÞ ¼ x� 1
2

B2ðxÞ ¼ x2 � xþ 1
6

B3ðxÞ ¼ x3 � 3
2

x2 þ 1
2

x

B4ðxÞ ¼ x4 � 2x3 þ x2 � 1
30

B5ðxÞ ¼ x5 � 5
2

x4 þ 5
3

x3 � 1
6

x:

The first 11 Bernoulli numbers are

B0 ¼ 1 B1 ¼ �
1
2

B2 ¼
1
6

B3 ¼ 0 B4 ¼ �
1

30
B5 ¼ 0

B6 ¼
1

42
B7 ¼ 0 B8 ¼ �

1
30

B9 ¼ 0 B10 ¼
5

66
:
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