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a b s t r a c t

In this paper, we study the existence and multiplicity of symmetric positive solutions for a
nonlinear system with multi-point coupled boundary conditions. The arguments are based
upon a specially constructed cone and the fixed point index theorem in cones. An example
is then given to demonstrate the applicability of our results.
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1. Introduction

Coupled boundary conditions (BCs) arise in the study of reaction–diffusion equations, Sturm–Liouville problems, math-
ematical biology and so on, see [1–17] and [18, Chapter 13]. In [4], Cardanobile and Mugnolo studied the following parabolic
system

@u
@t
ðt; xÞ ¼ Luðt; xÞ; t P 0; x 2 X 2 Rn

with a general class of coupled BCs of the form

fj@X 2 Y;
@f
@v 2 Y

?

where Y is a closed subspace of L2ð@X; WÞ, the unknown function u takes values in a separable Hilbert space W and L is an
elliptic operator with operator-valued symbol.

Delgado et al. [5] investigated the following system with coupled BCs of the type

ut ¼ Du� vr � ðurvÞ þ luð1� uÞ in X� ð0; TÞ;

0 ¼ Dv � v þ u
1þ u

in X� ð0; TÞ;

@u
@n
� vu

@v
@n
¼ rðh� uÞ @v

@n
¼ r0

h
2
� v

� �
in X� ð0; TÞ;

uðx;0Þ ¼ u0ðxÞ in X;

where l; r; r0; h;v denote nonnegative constants. The authors proved the existence of a unique positive global in time clas-
sical solution and analyzed the associated stationary problem.

Leung [7] studied the following reaction–diffusion system for prey-predator interaction
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utðt; xÞ ¼ r1Duþ uðaþ f ðu; vÞÞ; t P 0; x 2 X � Rn;

v tðt; xÞ ¼ r2Dv þ vð�r þ gðu;vÞÞ; t P 0; x 2 X � Rn;

�

subject to the coupled BCs

@u
@g
¼ 0;

@v
@g
� pðuÞ � qðvÞ ¼ 0 on @X;

where the functions uðt; xÞ;vðt; xÞ respectively represent the density of prey and predator at time t P 0 and at position
x ¼ ðx1; . . . ; xnÞ. Similar coupled BCs are also studied in [2] for biochemical system.

At the same time, the theory of multi-point boundary value problems (BVPs) for ordinary differential equations arises in
different areas of applied mathematics and physics. For example, the vibrations of a guy wire of uniform cross-section and
composed of N parts of different densities can be set up as a multi-point BVPs; many problems in the theory of elastic sta-
bility can be handled as multi-point BVPs too. Recently, the existence and multiplicity of positive solutions for nonlinear or-
dinary differential equations have received a great deal of attention. To identify a few, we refer the readers to [19,18–26] and
the reference therein for three-point BVPs and [27–31] for multi-point BVPs.

Very recently, Asif and Khan [32] studied the following a coupled singular system subject to four-point coupled BCs of the
type

�x00ðtÞ ¼ f ðt; xðtÞ; yðtÞÞ; t 2 ð0;1Þ;
�y00ðtÞ ¼ gðt; xðtÞ; yðtÞÞ; t 2 ð0;1Þ;
xð0Þ ¼ 0; xð1Þ ¼ ayðnÞ;
yð0Þ ¼ 0; yð1Þ ¼ bxðgÞ;

8>>><
>>>:

ð1:1Þ

where the parameters a; b; n;g satisfy n;g 2 ð0;1Þ;0 < abng < 1, f ; g : ð0;1Þ � ½0;1Þ� ½0;1Þ ! ½0;1Þ are continuous and sin-
gular at t ¼ 0; t ¼ 1. The authors obtained at least one positive solution to the system (1.1) by using Guo–Krasnosel’skii fixed-
point theorem.

We notice that a type of symmetric problem has received much attention, for instance, [19,27–29,31–34,?,36], and the
references therein. In [33], Sun discussed the existence and multiplicity of the BVPs

u00ðtÞ þ hðtÞf ðt;uðtÞÞ ¼ 0; 0 < t < 1; ð1:2Þ

uðtÞ ¼ uð1� tÞ; u0ð0Þ ¼ u0ð1Þ ¼ uð1=2Þ; ð1:3Þ

by applying the Krasnosel’skii fixed-point theorem. Sun [34] also considered the optimal existence criteria for symmetric
positive solutions to the Eq. (1.2) with the following BCs: uð0Þ ¼ uð1Þ ¼ auðgÞ. Recently, Wang and Sun [35] studied the exis-
tence of symmetric positive solutions to Eq. (1.2) with the following BCs: uðtÞ ¼ uð1� tÞ;au0ð0Þ þ bu0ð1Þ ¼ cuð1=2Þ. Inspired
by the above mentioned work and wide applications of coupled BCs in various fields of sciences and engineering, we study
the existence of symmetric positive solutions to a singular system

�x00ðtÞ ¼ a1ðtÞf ðt; xðtÞ; yðtÞÞ; t 2 ð0;1Þ;
�y00ðtÞ ¼ a2ðtÞgðt; xðtÞ; yðtÞÞ; t 2 ð0;1Þ;

xð0Þ ¼
Xm

i¼1

aiyðniÞ; xð1Þ ¼
Xm

i¼1

aiyð�niÞ;

yð0Þ ¼
Xm

i¼1

bixðgiÞ; yð1Þ ¼
Xm

i¼1

bixð �giÞ;

8>>>>>>>>><
>>>>>>>>>:

ð1:4Þ

where m P 1 is an integer, the parameters ai; bi > 0, 0 < n1 < n2 < � � � < nm < 1
2 and 0 < g1 < g2 < � � � < gm < 1

2 ; niþ
�ni ¼ 1;gi þ �gi ¼ 1 ði ¼ 1;2; . . . ;mÞ. We assume f ; g : ½0;1� � ½0;1Þ� ½0;1Þ ! ½0;1Þ are continuous and f ð�; x; yÞ; gð�; x; yÞ are
symmetric on ½0;1� for all x; y 2 ½0;1Þ; a1; a2 2 Cð0;1Þ are symmetric on ð0;1Þ, and may be singular at t ¼ 0 and t ¼ 1. By a
symmetric positive solution of the system (1.4), we mean that ðx; yÞ 2 C½0;1� \ C2ð0;1Þ � C½0;1� \ C2ð0;1Þ; ðx; yÞ satisfies
(1.4), x; y are symmetric and xðtÞ > 0; yðtÞ > 0 for all t 2 ½0;1�. To the best knowledge of the author, there is no earlier liter-
ature studying this problem. This paper attempts to fill part of this gap in the literatures.

The rest of the paper is organized as follows. In Section 2, we present a positive cone, a fixed point theorem which will be
used to prove existence of symmetric positive solutions, Green’s function for the system of BVPs (1.4) and some related lem-
mas. In Section 3, we present main results of the paper and finally an example to illustrate the application of our main
results.

2. Preliminaries and lemmas

The basic space used in this paper is E ¼ C½0;1� � C½0;1�. Obviously, the space E is a Banach space if it is endowed with the
norm as follows:
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