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a b s t r a c t

In this paper, we study some dynamic integral inequalities with mixed nonlinearities on
time scales, which provide explicit bounds on unknown functions. Our results include
many existing ones in the literature as special cases and can be used as tools in the qual-
itative theory of certain classes of dynamic equations with mixed nonlinearities on time
scales.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Following Hilger’s landmark paper [1], there have been plenty of references focused on the theory of time scales in order
to unify continuous and discrete analysis, where a time scale is an arbitrary nonempty closed subset of the reals, and the
cases when this time scale is equal to the reals or to the integers represent the classical theories of differential and of dif-
ference equations. Many other interesting time scales exist, e.g., T ¼ qN0 ¼ fqt : t 2 N0g for q > 1 (which has important appli-
cations in quantum theory), T ¼ hN with h > 0;T ¼ N2 and T ¼ Hn the space of the harmonic numbers. For the notions used
below we refer to [2] that provides some basic facts on time scale.

Recently, many authors have extended some continuous and discrete integral inequalities to arbitrary time scales. For
example, see [3–23] and the references cited therein. The purpose of this paper is to further improve and generalize some
integral inequalities on time scales that have been studied in a recent papers [9]. By studying integral inequalities mixed
nonlinearities on time scales, we first generalize a basic inequality that plays a fundamental role in the proofs of the main
results in [9]. Then, we provide improved bounds on unknown functions that can be used as tools in the qualitative theory of
certain classes of dynamic equations on time scales.

2. Main results

In this paper, we consider the following nonlinear dynamic integral inequalities

xðtÞ 6 aðtÞ þ bðtÞ
Z t

t0

½gðsÞxðsÞ þ h1ðsÞxk1 ðr sð ÞÞ � h2ðsÞxk2 ðr sð ÞÞ�Ds; t 2 Tj ðIÞ

and

xðtÞ 6 aðtÞ þ bðtÞ
Z t
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wðt; sÞ½gðsÞxðsÞ þ h1ðsÞxk1 ðr sð ÞÞ � h2ðsÞxk2 ðr sð ÞÞ�Ds; t 2 Tj; ðIIÞ

where a; b; g;h1;h2; x : Tj ! Rþ ¼ ½0;1Þ are rd-continuous functions, w : T� Tj ! Rþ is a continuous function.

0096-3003/$ - see front matter � 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.amc.2013.06.036

⇑ Corresponding author.
E-mail address: sunyuangong@163.com (Y. Sun).

Applied Mathematics and Computation 220 (2013) 221–225

Contents lists available at SciVerse ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc

http://crossmark.dyndns.org/dialog/?doi=10.1016/j.amc.2013.06.036&domain=pdf
http://dx.doi.org/10.1016/j.amc.2013.06.036
mailto:sunyuangong@163.com
http://dx.doi.org/10.1016/j.amc.2013.06.036
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


Before stating our main results, we need the following lemmas.

Lemma 1 [2, Th. 6.1, p. 255]. Let y; q 2 C rd and p 2 RþðT;RÞ. Then

yDðtÞ 6 pðtÞyðtÞ þ qðtÞ; t 2 T

implies

yðtÞ 6 yðt0Þepðt; t0Þ þ
Z t

t0

epðt;rðsÞÞqðsÞDs; t 2 T:

Lemma 2. Let x be a nonnegative function, 0 < k1 < 1 < k2; c1 P 0; k2 P 0; c2 > 0 and k1 > 0. Then, for i ¼ 1;2,

�1ð Þiþ1cixki þ �1ð Þikix 6 hi ki; ci; kið Þ;

where hi ki; ci; kið Þ :¼ �1ð Þi ki � 1ð Þk
ki

1�ki
i c

1
1�ki
i k

ki
ki�1

i .

Proof. Set Fi xð Þ ¼ �1ð Þiþ1cixki þ �1ð Þikix. It is easy to see that Fi xð Þ obtains its maximum at x ¼ kici
ki

� � 1
1�ki and

Fið Þmax ¼ �1ð Þi ki � 1ð Þk
ki

1�ki
i c

1
1�ki
i k

ki
ki�1

i ; for i ¼ 1;2: �

Lemma 3 [2, Th. 1.117, p. 46]. Suppose that for each � > 0 there exists a neighborhood U of t, independent of s 2 ½t0;rðtÞ�, such
that

jwðrðtÞ; sÞ �wðs; sÞ �wD
1 ðt; sÞðrðtÞ � sÞj 6 �jrðtÞ � sj; s 2 U; ð2Þ

where w : T� Tj ! Rþ is continuous at ðt; tÞ; t 2 Tj with t > t0, and wD
1 ðt; �Þ (the derivative of w with respect to the first variable)

is rd-continuous on ½t0;rðtÞ�. Then

vðtÞ :¼
Z t

t0

wðt; sÞDs

implies

vDðtÞ ¼
Z t

t0

wD
1 ðt; sÞDsþwðrðtÞ; tÞ:

We are now ready to state and prove the main results of this paper.

Theorem 1. Assume that a; b; g;h1;h2; x : Tj ! Rþ are rd-continuous functions. Then, for any rd-continuous functions k1ðtÞ > 0
and k2ðtÞP 0 on Tj satisfying k tð Þ :¼ k1 tð Þ � k2 tð ÞP 0 and lðtÞkðtÞbðrðtÞÞ < 1 for t 2 Tj, the inequality (I) implies

xðtÞ 6 aðtÞ þ bðtÞ
Z t

t0

eA�Bðt;rðsÞÞDðsÞDs; t 2 Tj; ð3Þ

where

A tð Þ :¼ g tð Þb tð Þ; B tð Þ :¼ k tð Þb r tð Þð Þ
1� l tð Þk tð Þb r tð Þð Þ ;

D tð Þ :¼ 1þ l tð ÞB tð Þ½ �C tð Þ

and

C tð Þ :¼ gðtÞaðtÞ þ k tð Þaðr tð ÞÞ þ h1 k1; h1; k1ð Þ þ h2 k2; h2; k2ð Þ:

Proof. Let

yðtÞ :¼
Z t

t0

½gðsÞxðsÞ þ h1ðsÞxk1 ðr sð ÞÞ � h2ðsÞxk2 ðr sð ÞÞ�Ds; t 2 Tj:

Then, yðt0Þ ¼ 0 and (I) can be rewritten as

xðtÞ 6 aðtÞ þ bðtÞyðtÞ; t 2 Tj: ð4Þ

222 Y. Sun, T. Hassan / Applied Mathematics and Computation 220 (2013) 221–225



Download English Version:

https://daneshyari.com/en/article/6421999

Download Persian Version:

https://daneshyari.com/article/6421999

Daneshyari.com

https://daneshyari.com/en/article/6421999
https://daneshyari.com/article/6421999
https://daneshyari.com

