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a b s t r a c t

In this paper, common fixed point theorems for four mappings satisfying a generalized
nonlinear contraction type condition on partial metric spaces are proved. Presented theo-
rems extend the very recent results of I. Altun, F. Sola and H. Simsek [Generalized contrac-
tions on partial metric spaces, Topology and its applications 157 (18) (2010) 2778–2785].
As application, some homotopy results for operators on a set endowed with a partial metric
are given.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Partial metric spaces were introduced by Matthews [8] in 1992 as a part of the study of denotational semantics of data-
flow networks. In fact, it is widely recognized that partial metric spaces play an important role in constructing models in the
theory of computation [6,10,14–16,19].

First, we recall some definitions of partial metric space and some their properties [8–10,13,18].

Definition 1.1. A partial metric on a nonempty set X is a function p : X � X ! Rþ such that for all x, y, z 2 X:

(p1) x ¼ y() pðx; xÞ ¼ pðx; yÞ ¼ pðy; yÞ,
(p2) p(x,x) 6 p(x,y),
(p3) p(x,y) = p(y,x),
(p4) p(x,y) 6 p(x,z) + p(z,y) � p(z,z).

A partial metric space is a pair (X,p) such that X is a nonempty set and p is a partial metric on X.

Remark 1.1. It is clear that, if p(x,y) = 0, then from (p1) and (p2), x = y. But if x = y, p(x,y) may not be 0.
A basic example of a partial metric space is the pair ðRþ; pÞ, where p(x,y) = max{x,y} for all x; y 2 Rþ.
Each partial metric p on X generates a T0 topology sp on Xwhich has as a base the family of open p-balls {Bp(x,e), x 2 X,

e > 0}, where Bp(x,e) = {y 2 X : p(x,y) < p(x,x) + e} for all x 2 X and e > 0.
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If p is a partial metric on X, then the function ps : X � X ! Rþ given by

psðx; yÞ ¼ 2pðx; yÞ � pðx; xÞ � pðy; yÞ;

is a metric on X.

Definition 1.2. Let (X,p) be a partial metric space and {xn} be a sequence in X. Then

(i) {xn} converges to a point x 2 X if and only if p(x,x) = limn?+1p(x,xn),
(ii) {xn} is called a Cauchy sequence if there exists (and is finite) limn,m?+1p(xn,xm).

Definition 1.3. A partial metric space (X,p) is said to be complete if every Cauchy sequence {xn} in X converges, with respect
to sp, to a point x 2 X, such that p(x, x) = limn,m?+1p(xn,xm).

Remark 1.2. It is easy to see that every closed subset of a complete partial metric space is complete.

Lemma 1.1 ([8,9]). Let (X,p) be a partial metric space. Then

(a) {xn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space (X,ps),
(b) (X,p) is complete if and only if the metric space (X,ps) is complete. Furthermore, limn?+1ps(xn,x) = 0 if and only if

pðx; xÞ ¼ lim
n!þ1

pðxn; xÞ ¼ lim
n;m!þ1

pðxn; xmÞ:

Matthews [8] obtained the following Banach fixed point theorem on complete partial metric spaces.

Theorem 1.1 [8]. Let f be a mapping of a complete partial metric space (X,p) into itself such that there is a real number c with
0 6 c < 1, satisfying for all x, y 2 X:

pðfx; fyÞ 6 cpðx; yÞ:

Then f has a unique fixed point.
Very recently, I. Altun, F. Sola and H. Simsek [2] considered a contraction of Ćirić’s type in partial metric spaces and proved

the following nice result that generalizes Theorem 1.1 of Matthews. For other works that treat the Ćirić’s contraction con-
dition in usual metric spaces, we refer the reader to [3,4,11,12,17].

Theorem 1.2 [2]. Let (X,p) be a complete partial metric space and let T:X ? X be a map such that

pðTx; TyÞ 6 u max pðx; yÞ; pðx; TxÞ;pðy; TyÞ;1
2
½pðx; TyÞ þ pðy; TxÞ�

� �� �

for all x, y 2 X, where u : Rþ ! Rþ is continuous non-decreasing function such that u (t) < t and the series
P

nP1unðtÞ converges
for all t > 0. Then T has a unique fixed point.

We note that in Theorem 1.2 formal the condition that the series
P

nP1unðtÞ converges does not exist, but is used in the
proof of Theorem 1.2.

In the present paper, we derive some common fixed point theorems for two pairs of weakly compatible mappings satis-
fying a generalized contraction condition on partial metric spaces. The presented theorems extend and generalize some re-
sults of I. Altun, F. Sola and H. Simsek [2]. As application, we derive some homotopy results for operators on a set endowed
with a partial metric.

2. Main results

Before stating the main results, we recall the following definitions.

Definition 2.1. Let X be a non-empty set and T1, T2 : X ? X are given self-maps on X. If w = T1x = T2x for some x 2 X, then x is
called a coincidence point of T1 and T2, and w is called a point of coincidence of T1 and T2.

Definition 2.2 [7]. Let X be a non-empty set and T1, T2 : X ? X are given self-maps on X. The pair {T1,T2} is said to be weakly
compatible if T1T2t = T2T1t, whenever T1t = T2t for some t in X.

Our main result is the following.
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