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a b s t r a c t

In this paper, some new properties and interesting estimations of mutual variation process
for G-Brownian motion are presented, Kunita–Watanabe inequalities and Tanaka formula
for multi-dimensional G-Brownian motion are also obtained.
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1. Introduction

Motivated by the risk measure, superpricing and model uncertainty in finance, Peng introduced G-normal distribution
under the framework of sublinear expectation space in 2006 (see [1]). With this G-normal distribution, G-Brownian motion
and related calculus of Itô’s type were given. Unlike the Brownian motion in the classical sense, the G-Brownian motion is
not based on a classical probability space. G-Brownian motion has a very rich and interesting new structure which non-
trivial generalizes the classical one. Peng in [2–5] introduced the notion of quadratic and mutual variation process for
G-Brownian motion and gave some results about quadratic variation process for one and multi-dimensional G-Brownian
motion. Since then, there are many studies on G-Brownian motion, for example, [6–10], etc. However, there are few results
on mutual variation process for multi-dimensional G-Brownian motion. In this paper we will further study the properties of
mutual variation process, we give some new properties and interesting estimations for mutual variation process, the well
known Kunita–Watanabe inequalities (see [11]) for G-Brownian motion are also obtained. Of course, many properties of
quadratic variation process are the special case of our results. Lin (see [9]) obtained Tanaka formula for one dimensional
G-Brownian motion, we extend it to multi-dimensional case.

This paper is organized as follows: in Section 2, we recall briefly some notions and properties about G-expectation and
G-Brownian motion. In Section 3, some properties and interesting estimations for mutual variation process are presented.
In Section 4, the Tanaka formula for multi-dimensional G-Brownian motion is obtained and its proof is given.

2. Preliminaries

In this section, we introduce some notations and preliminaries about the theory of sublinear expectations and G-Brown-
ian motion, which will be needed in what follows. More details of this section can be founded in [1,2,6].

Let X be a given set and letH be a linear space of real valued bounded functions defined on X. We suppose thatH satisfies
C 2 H for each constant C and jXj 2 H; if X 2 H.
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Definition 2.1. A sublinear expectation E is a functional E : H ! R satisfying

(i) Monotonicity: E½X�P E½Y � if X P Y.
(ii) Constant preserving: E½C� ¼ C for C 2 R.

(iii) Sub-additivity: For each X;Y 2 H; E½X þ Y � 6 E½X� þ E½Y �:
(iv) Positive homogeneity: E½kX� ¼ kE½X� for k P 0.

The triple ðX;H; EÞ is called a sublinear expectation space. If (i) and (ii) are satisfied, E is called a nonlinear expectation and
the triple ðX;H; EÞ is called a nonlinear expectation space.

Remark 2.2. The notion of sublinear expectations is proved to be a basic tool in volatility uncertainty which is crucial in
superhedging, superpricing (see [12]) and measures of risk in finance which caused a great attention in finance since the
pioneer work of Artzner, Delbaen, Eber and Heath [13,14].

We introduce the notion of G-normal distribution. We denote by lip(Rd) the space of all bounded and Lipschitz real
functions on Rd. A G-normal distribution is a nonlinear expectation defined on lip(Rd)

E½u� ¼ uð1;0Þ : u 2 lipðRdÞ ! R;

where u(t,x) is a bounded continuous function on [0,1) � Rd which is the viscosity solution of the following nonlinear par-
abolic partial differential equation:

@u
@t
� GðD2uÞ ¼ 0; uð0; xÞ ¼ uðxÞ; ðt; xÞ 2 ½0;1Þ� Rd;

where GðAÞ ¼ 1
2 supc2Ctr½ccT A�;A 2 SðdÞ. S(d) denotes the space of d � d symmetric matrices. C is a given non-empty, bounded

and closed subset of Rd�d, the space of all d � d matrices.
We denote by X ¼ Cd

0ðR
þÞ the space of all Rd-valued continuous paths ðxtÞt2Rþ , with x0 = 0, equipped with the distance

qðx1;x2Þ :¼
X1
i¼1

2�i max
t2½0;i�

x1
t �x2

t

�� ��� �
^ 1

� �
:

X is the classical canonical space and Bt(x) = (xt)tP0 is the corresponding canonical process. For each T > 0, set

L0
ipðHTÞ :¼ uðBt1 ; Bt2 ; . . . ; Btm Þ : n P 1; t1; . . . ; tm 2 ½0; T�;u 2 lip Rd�m

� �n o
;

define

L0
ipðHÞ :¼

[1
n¼1

L0
ipðHnÞ:

We set Bt(x) = xt,t 2 [0,1) for x 2X.

Definition 2.3. The canonical process Bt is called a (d-dimensional) G-Brownian motion under the expectation E defined on
L0

ipðHÞ if

(i) For each s, t P 0 and u 2 lip(Rd), Bt and Bt+s � Bs are identically distributed:

E uðBtþs � BsÞ½ � ¼ E½uðBtÞ�:

(ii) For each m = 1, 2, . . . ,0 6 t1 <� � �< tm <1, the increment Btm � Btm�1 is backwardly independent from Bt1 ; . . . ;Btm in the
following sense: for each / 2 lip(Rd�m),

E½/ðBt1 ; . . . ;Btm�1 ;Btm Þ� ¼ E½/1ðBt1 ; . . . ;Btm�1 Þ�;

where /1ðx1; . . . ; xm�1Þ ¼ E½/ðx1; . . . ; xm�1;Btm � Btm�1 þ xm�1Þ�; x1; . . . ; xm�1 2 Rd:

(iii)The
related conditional expectation of /ðBt1 ; . . . ;Btm�1 ;Btm Þ under Htk

is defined by

E½/ðBt1 ; . . . ;Btk
; . . . ;Btm ÞjHtk

� ¼ /m�kðBt1 ; . . . ;Btk
Þ;

where

/m�kðx1; . . . ; xkÞ ¼ E½/ðx1; . . . ; xk;Btkþ1
� Btk

þ xk; . . . ; Btm � Btk
þ xkÞ�:

We denote by Lp
GðHtÞ; p P 1, the completion of L0

ipðHtÞ under the norm kXkp :¼ ðE½jXjp�Þ1=p. Similarly, denote Lp
GðHÞ is

complete space of L0
ipðHÞ. The expectation E½�� : L1

GðHÞ ! R introduced through the above procedure is called G-
expectation.
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