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1. Introduction

For ¢ = 2" and « a primitive element in Fy, let C* be the binary cyclic code of length 2" — 1 with dual zeros «, o, o'3.
It is well known (see [1] for example) that the weights in C* are related to the number of [Fq-rational points of curves of the
form

y:+y =ax+ bx> + cx'3, (1.1)

where a, b, ¢ € F,. In[1], the second author used the supersingularity of these curves to prove that, when n is odd, all the
weights in C* are divisible by 2("~1/2, This was a very short proof of the same divisibility result that appeared in [2] with a
rather long proof.

In fact, the only information used about curves of the form (1.1) in [1] was the divisibility of their number of affine
[F4-rational points by a power of 2, which is implied by their supersingularity. However, supersingularity tells more about
the arithmetic of the curve. It implies divisibility by a certain power of the characteristic not only over the field of definition
[Fq but also over finite extensions of Fy.

The purpose of this paper is to extend the work in [1] by utilizing all the arithmetic information that comes with
supersingularity to obtain conclusions regarding a certain sequence of codes that we define. From a family of Artin-Schreier
type curves

F={/ —y=rx"+ - +Ax" A1, ..., A € Fg),
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where r is a prime power and q is a power of r, we define a sequence C; of F,-linear codes of increasing length. This
establishes a new relation between curves and codes than the ones that have been explored so far (see [3-5]). Our main
theorem (Theorem 3.1) shows that if # consists of supersingular curves, then the weights in G’s satisfy certain divisibility
conditions. In Section 4 we prove that G is quasi-cyclic of length ¢ — 1and index (¢ — 1)/(q — 1) for allj > 1. In the same
section, we also determine the algebraic structure of these quasi-cyclic codes completely by describing their constituents. In
Section 5 we give some interesting consequences of our results. The main application is elimination of weights in subcodes
of certain cyclic codes. Our results also have applications to permutation polynomials and divisibility properties of certain
exponential sums. We conclude in Section 6 by addressing the converse question. Namely, we elaborate on whether one
can conclude supersingularity of Artin-Schreier type curves from certain divisibility assumptions on codes.

2. Divisibility for supersingular curves

Let g = p™ where p is an arbitrary prime and m > 1is an integer. Let X be a curve defined over F, with L-polynomial

Ly(t) = 1+ art + apt? + - - - + agg 1571 + 8% € Z][t], (2.1)
where g is the genus of X. Let N; = N;(X) denote the number of F-rational points of X and set S; := N; — (¢ + 1) forall
j = 1.1f we factor Ly (t) as

2g

L =] -,

i=1
where the w;'s are algebraic integers with |w;| = ,/q, then we know that

2g .
Si=— Zw{ forallj > 16, Corollary 5.1.16].
i=1

Then by Newton’s identities [7, p. 245], [6, Corollary 5.1.17], we have the following relation between the coefficients of Lx (t)
and the numbers S;:

ap=1
Si+aiSiq1+---+a15—iaq;=0, forl1<i=<2g (2.2)
Sogti + A1S2g4ic1 + -+ a5 =0, fori> 1. (2.3)

Given the L-polynomial as in (2.1) of a curve X over Fg, consider the following set of points in R?
ord ,(a;
{(z”(’)) 10<i<2g, af#O},
m

where ord ,(-) denotes the p-adic valuation. The lower convex hull of these points is called the Newton polygon of X (see [8]).
Note that (0, 0) and (2g, g) are respectively the initial and the terminal points of the Newton polygon. The ith slope is defined
to be the slope of the line segment lying over the interval [i — 1, i]. The curve X is said to be supersingular if all 2g slopes of
its Newton polygon are 1/2 (see [9]). In other words, the Newton polygon is a straight line segment of slope 1/2. Another
equivalent definition is that the Jacobian of X is isogenous (over the algebraic closure of IFy) to a product of supersingular
elliptic curves. See [10] for details.

The following is an immediate consequence of the definition of supersingularity above and it will be used extensively.

Lemma 2.1. A curve X over Fy with the L-polynomial Lx (t) = 1+ leﬁ 1 a;t' is supersingular if and only if

ord p(a;) > %ordp(q), foralli=1,...,2g,

where p is the characteristic of Fq.

This yields the following divisibility results on the S;’s, which will be used in the next section.

Theorem 2.2. Let q = p™ and X be a supersingular curve over Fy of genus g.
(i) If mis even then pij | S, foreveryj > 1.
(ii) If mis odd, then

im

pT

Sj, forallj > 1even,
Jjm+1
p 2 ‘ Sj, forallj > 1odd.

If p = 2, then we further have Zij“ | S, forallj > 1 even.
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