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a b s t r a c t

An edge of G is singular if it does not lie on any triangle of G; otherwise, it is non-singular.
A vertex u of a graph G is called locally connected if the induced subgraph G[N(u)] by its
neighborhood is connected; otherwise, it is called locally disconnected.

In this paper, we prove that if a connected claw-free graph G of order at least three
satisfies the following two conditions: For each locally disconnected vertex v of G with
degree at least 3, there is a nonnegative integer s such that v lies on an induced cycle of
length at least 4 with at most s non-singular edges and with at least s−3 locally connected
vertices; for each locally disconnected vertex v of G with degree 2, there is a nonnegative
integer s such that v lies on an induced cycle C with atmost snon-singular edges andwith at
least s− 2 locally connected vertices and such that the subgraph induced by those vertices
of C that have degree two in G is a path or a cycle, then G is Hamiltonian, and it is best
possible in some sense.

Our result is a common extension of two known results in Bielak (2000) and in Li (2002)
; hence also of the results in Oberly and Sumner (1979) and in Ryjáček (1990).

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

We consider only finite undirected simple graphs, unless otherwise stated. For terminology and notation not defined in
this paper we refer to [9].

If H is a graph, then the line graph of H , denoted by L(H), is the graph with E(H) as its vertex set, in which two vertices
are adjacent if and only if the corresponding edges have a vertex in common. For a family F of a connected graphs, a graph
is called F -free if it contains no induced copies of any member of F . The graph K1,3 is called a claw. It is a well-known fact
that every line graph is claw-free, hence the class of the claw-free graphs can be considered as a natural generalization of
the class of line graphs.

The neighborhood of a vertex v in G is denoted by NG(v). Denote NG[v] = NG(v)∪ {v}. A vertex v of G is locally connected
if G[NG(v)] is connected; otherwise, it is locally disconnected. Let LC(G) denote the set of all locally connected vertices of G.
A graph G is called locally connected if every vertex of G is locally connected, i.e., LC(G) = V (G). Oberly and Sumner proved
the following well-known result.

Theorem 1 (Oberly and Sumner [5]). Every connected, locally connected claw-free graph on at least three vertices is Hamiltonian.
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Fig. 1. The graphs G1 , G2,G3 and G4 .

We say that a vertex v of a graph G is N2-locally connected if the subgraph of G induced by the edge set {e = xy ∈ E(G) :

v ∉ {x, y} and {x, y} ∩ N(v) ≠ ∅} is connected. A graph G is called N2-locally connected if every vertex of G is N2-locally
connected. It follows from the definitions that every locally connected graph is N2-locally connected, but the converse is not
true.

In 1990, Ryjáček [7] considered the graphswith some locally disconnected vertices in claw-free graphs and strengthened
Theorem 1 by using this concept of N2-locally connected. He showed that every connected N2-locally connected claw-free
graph G with δ(G) ≥ 2 satisfying that G has no induced subgraph H isomorphic to either G1 or G2 (in Fig. 1) such that
every vertex of degree 4 in H is locally disconnected in G is Hamiltonian. Bielak later improved this result by weakening the
condition. Their result can be restated as the following theorem, where Vi(G) = {x : dG(x) = i} and V≥i(G) = {x : dG(x)
≥ i}.

Theorem 2 (Bielak [1]). Let G be a connected, N2-locally connected claw-free graph with δ(G) ≥ 2 such that

(1) every induced subgraph H of G isomorphic to either G1 or G2 (in Fig. 1) has at least one locally connected vertex of G in
V3(H) ∪ V4(H).

Then G is Hamiltonian.

In this paper, we shall continue to extend the above result which will need some notation. We say that a vertex v of a
graph G is N2-locally connected if the subgraph of G induced by the vertices {x ∈ V (G) : 1 ≤ d(x, v) ≤ 2} is connected,
where d(x, v) denotes the distance between x and v. A graph G is called N2-locally connected if every vertex of G is N2-locally
connected. Obviously, every N2-locally connected graph is N2-locally connected, but the converse is not generally true.

Theorem 3. Let G be a connected, N2-locally connected claw-free graph with δ(G) ≥ 2 satisfying

(2) every induced subgraph isomorphic to one of {G1,G2,G3,G4} (in Fig. 1) has at least one locally connected vertex of G in
V3(H) ∪ V4(H).

Then G is Hamiltonian.

From Theorem 3, one can obtain the following known result immediately.

Corollary 4 (Li [4]). Every connected N2-locally connected {G1,G2,G3,G4, K1,3}-free graph G with δ(G) ≥ 2 is Hamiltonian.

Let G0 be the graph obtained from some graph Gi in Fig. 1 by joining all vertices of an additional complete graph of
arbitrarily larger order to some vertex of degree four or three in Gi and to its neighbors. Then G0 satisfies the conditions of
Theorem 3 but not Corollary 4. This shows that Theorem 3 is stronger than Corollary 4.

Motivated by the above observation, in this paper, we intend to generality them by avoiding using the concept of
N2-(or N2-)connected and use certain technical conditions on locally disconnected vertices instead. Here we need divide
all edges of the graphs into two kinds of edges: An edge e of G is singular if it does not lie on any triangle of G; otherwise, it
is non-singular. We have the following result that can deduce Theorem 3, as showed in Section 4.

Theorem 5. Let G be a connected claw-free graph of order at least three such that

(i) for each locally disconnected vertex v of degree at least 3 in G, there is a nonnegative integer s such that v lies on an induced
cycle of length at least four with at most s non-singular edges and with at least s − 3 locally connected vertices;

(ii) for each locally disconnected vertex v of degree 2 in G, there is a nonnegative integer s such that v lies on an induced cycle C
with at most s non-singular edges and with at least s− 2 locally connected vertices and such that G[V (C) ∩ V2(G)] is a path
or a cycle.

Then G is Hamiltonian.

In Section 2, we shall present Ryjáček’s closure concept in claw-free graphs and some auxiliary results, which are then
applied to the proof of our main result in Section 3. Section 4 is devoted to the proof of Theorem 3. In the last section, we
discuss the sharpness of our main results, point out a flaw in the original proof of Corollary 4 and show that Theorem 5 is
stronger than Theorem 3, and hence also than Corollary 4.
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