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number of G is the maximum integer b(G) for which G has a b-coloring with b(G) colors.
This problem was introduced by Irving and Manlove (1999), where they showed that
computing b(G) is & £-hard in general and polynomial-time solvable for trees. A natural
question that arises is whether the edge version of this problem is also .~ #-hard or not.

ﬁmﬁ;i cindex Here, we prove that computing the b-chromatic index of a graph G is N #-hard, even
Edge coloring if G is either a comparability graph or a Ci-free graph, and give partial results on the
Totally Unimodular matrices complexity of the problem restricted to trees, more specifically, we solve the problem for
Caterpillars caterpillars graphs. Although solving problems on caterpillar graphs is usually quite simple,
Trees this problem revealed itself to be unusually hard. The presented algorithm uses a dynamic

programming approach that combines partial solutions which are proved to exist if, and
only if, a particular polyhedron is non-empty.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Let G be a simple graph' and suppose that we have a proper coloring of G for which there exists a color class C such that
every vertex v in C is not adjacent to at least one other color class; then we can separately change the color of each vertex
in C to obtain a proper coloring with fewer colors. This heuristic, called here b-heuristic, can be applied iteratively, but we
cannot expect to reach the chromatic number of G, since the coloring problem is & $#-hard.

On the basis of this idea, Irving and Manlove introduced the notion of b-coloring in [ 12]. Intuitively, a b-coloring is a proper
coloring that cannot be improved by the b-heuristic, and the b-chromatic number b(G) measures the worst possible such
coloring. Finding b(G) was proved to be & -hard in general graphs [12], and remains so even when restricted to bipartite
graphs [16] or to chordal graphs [ 10]. However, this problem is polynomial when restricted to some graph classes, including
trees [12], cographs and P4-sparse graphs [ 3], P4-tidy graphs [20], cacti [ 18], some power graphs [5-7], Kneser graphs [9,14],
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some graphs with large girth [8,15,17], etc. Also, some other aspects of the problem were studied, as for example, the b-
spectrum of a graph [ 1], and b-perfect graphs [11].

In this article, we propose to study a natural variation of the b-coloring problem, coloring the edges of a graph under
the same constraints. In fact, we will investigate the b-coloring of the line graph of some classes of graphs. More formally,
a proper coloring (with k colors) of a graph is a function i : V(G) — {1, ..., k} such that no two adjacent vertices have the
same color (function value). For X C V(G), denote by ¥ (X) the set {y(v) | v € X}. We say that a vertex v realizes color v (v)
if /(N (v)) contains every color distinct from v (v). We also call v a b-vertex and say that v (v) is realized (on v). A b-coloring
of G is a proper coloring ¥ such that each color is realized. The b-chromatic number of G is the maximum integer b(G) for
which G has a b-coloring with b(G) colors.

In [12], Irving and Manlove also introduced a simple upper bound for b(G), defined as follows. The m-degree of G is the
maximum integer k for which there are at least k edges of degree at least k — 1; we denote it by m(G). It is easy to see that

x(G) = b(G) = m(G).

We mention that, up to our knowledge, only one other work has been done on this metric. In [ 13], Jakovac and Peterin
investigate graphs whose line graphs have b-chromatic number inferior to their m-degree, and prove that graphs whose
line graphs are cubic have b-chromatic number equal to 5, with the exception of four line graphs: Ky, K3 3, the prism over
K3, and the cube Qs. They also claim to have proved that the b-chromatic number of the line graph G of a tree is either m(G),
or m(G) — 1. However, in [ 17] the authors show that m(G) — b(G) can be arbitrarily large when G is the line graph of a tree.
Nevertheless, in Section 3, we prove that this difference is at most 1 when the tree is a caterpillar. Despite being a simple class
of graphs, the algorithm found is not quite as simple, and combines a Linear Programming model whose coefficient matrix
is proved to be Totally Unimodular (TU), and a dynamic programming algorithm. For general trees, some partial results are
presented in [19], and the decision problem for fixed k is proved to be polynomial-time solvable [10,19]. We mention that
b-coloring the line graph of a tree is equivalent to b-coloring a claw-free block graph, which are contained in the class of
chordal graphs. Computing b(G) when G is chordal is .~ #-hard and, up to now, nothing was known about the b-chromatic
number of subclasses of chordal graphs. Finally, in Section 2, we prove that deciding if b(G) equals m(G) is & #-complete,
even if G is the line graph of either a comparability graph or a C-free graph.

In the remaining text, we use the following notation and terminology. Consider a simple graph G, and let u € V(G). The
neighborhood of u in G is the set of vertices adjacent to 1, and is denoted by N¢(u). The closed neighborhood of u in G is the set
Ng(u) U {u}, and is denoted by Ng[u]. The degree of u € V(G) is the cardinality of N (u), and is denoted by d¢(u); analogously,
the degree of an edge e € E(G) is the number of edges adjacent to e, and is denoted by d;(e). In every case, the subscript can
be omitted if there is no ambiguity. Now, consider X C V(G). Then, N(X) denotes the subset (|_,.x N(x)) \ X, while N[X]
denotes the subset N(X) U X. Also, given a proper coloring vy of V(G), we denote by v (X) the set {1/ (x) | x € X}. Finally,
the subset of all vertices of G with degree at least m(G) — 1 is denoted by D(G) (these are the “candidates” for b-vertices).

2. N P-completeness

In this section, for clarity reasons, we present the problem as an edge b-coloring. Consider the adaptation of the problem
to edge-coloring. The corresponding values of b(G) and m(G) are denoted by b’(G) and m’(G), respectively. We consider the
following problems:

EDGE COLORING

INSTANCE: A GRAPH G AND AN INTEGER k, k > 3.

QUESTION: Is THERE A PROPER EDGE COLORING OF G WITH k COLORS?

EDGE B-COLORING

INSTANCE: A GRAPH G.

QUESTION: Is b'(G) EQUAL TO m'(G)?

A graph is called k-regular if each of its vertices has degree k; a comparability graph is a graph whose edges can be
transitively oriented; and a graph is called C;-free if it has no induced cycle of length t. The Problem EDGE COLORING is N &-
complete even when G is a k-regular graph and is either a comparability graph or a C;-free graphs[4]. We prove that this
problem can be reduced to the Problem EDGE B-COLORING.

Theorem 1. EDGE B-COLORING is N P-complete, even if G is either a comparability graph or a Cy-free graph, for k > 4.

Proof. Denote by V the vertex set of G and by n the cardinality of V. To verify if an edge coloring is an edge b-coloring with
m’(G) colors can be done in polynomial time and so the problem is in & %. We show a reduction from EDGE COLORING of
d-regular graphs in order to prove .V #-completeness. Also, we show that the construction is closed under the subclasses of
comparability and of C-free graphs, for k > 4. Since EDGE COLORING is .V ?-complete even when restricted to instances of
type (G, d), where Gis a d-regular graph which is also either a comparability graph or a C-free graph [4], the theorem follows.

Consider a d-regular graph G with V(G) = {vy, v2,...,v,} and E(G) = {eq, ..., en}. Let H be the graph constructed
from G as follows. Add vertices w, w’ and edges ww’, wvy, ..., wv, to H. Finally, for each i € {1,...,d}, add vertices
wi, Xy, . .., X; and edges w'w; and wx}, for allj € {1, ..., n}. Fig. 1 shows graph H.
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