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1. Introduction

Given partition A with A = (A1, ..., Ap), the length of A is b and the size of A, denoted |A|,is D A;. Given partitions x and A,
we say that u C A if the Ferrers diagram of u fits inside the Ferrers diagram of A. For any partition A, we look at the set of
partitions .« C A, ordered by the relation above, and let G, be the rank-generating function of this poset (i.e. G, (q) = Y_ an,q"
where a, is the number of partitions u C A of size n). We are interested in understanding when the coefficients of G, are
unimodal, i.e. first weakly increasing and then weakly decreasing. This question was considered by Stanton [6].

Let b be the length of A. In the case that A = (a,..., a), we get that G (q) is the Gaussian binomial coefficient

G.(q9 = (’Hh;b)q. There are many proofs that these are unimodal symmetric (for instance, [7,4,3,8]). This fact will be used

many times in the proof of our main result.

We can also look at the question above, but require that both A and w have distinct nonzero parts. We call this rank
generating function F, (¢). The unimodality of F; (q) was considered by Stanley and Zanello [5]. For this version, the partition
A= (b,b—1,...,1)gives the generating function

b
F@=]]a+d¢
i=1

which is unimodal symmetric (see, for instance, [4]). Alpoge [1] proved that forn > b,if A = (n,n—1,...,n—b + 1),
then F; is unimodal. We will mainly be concerned with Stanton’s problem, but some of our results will also extend to the
Stanley-Zanello version. For both problems, it is proven by Stanton and Stanley-Zanello respectively that any partition with
at most 3 parts has a unimodal generating function, and that there are infinite families of partitions with 4 parts that do not.

In Section 2, we will derive a form for F, and G, when the length of A is fixed and show that F, and G, are unimodal
if 241 > |A[. In Section 3, we will prove that for a reasonable notion of positive density, for both versions of the problem,
there is a positive density of partitions with 4 parts that have nonunimodal generating functions, giving larger classes of
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nonunimodal partitions than were known before. In Sections 4 and 5, we will prove that partitions with 5 or more parts that
are near-rectangular (in a sense to be defined later in the paper) and with |A| > b have unimodal G;. Finally, in Section 6,
we present some conjectures that are supported by the results in this paper and by computational data.

2. Generating function

We will use [n] to denote the set {1, 2, ..., n}. We begin by finding an expression for G; (q) when A has a fixed number
of parts b.
If A is a partition, denote by G} the size generating function for the number of partitions ;= C A, giving the first part of the

partition the weight i (for instance, the partition (4, 2, 1) will contribute to the q'> coefficient of Gi since 3(4)+2+1 = 15).
Note that G} = G;. Define F! similarly.

Also, denote by A the partition A with the first part removed. We consider generating functions of the form Gi\. Let A
have b parts, for b fixed. Forany A C [b] and any 1 < k < b, we define f/{\(k) and gu (k) as follows: if k > min(A), define
f4 (k) = Apt1-maxaniky + 1. Otherwise, define f7 (k) = 0.

Define g4 (k) = k — max(A N [k]) + 1. For convenience, here and in the formula below, we define max(¥) = 1.

Proposition 1.

(@ =) G @ .
ACIb]
where
b—1

i > (k)> +if} (b) Max(A)—1 1 b :

! = (=Dl <k=1 o 1
Gal@ = (=D"q 1— o I1 T g

k=1 k=max(A)

The idea for the inductive step in the proof below is based on Lemma 1 from [6] (where it is only used once).
Proof. We induct on b. Forb = 1,
1— qi()»1+l) 1 qi()»ﬁ-l)

G@=1+q¢+--+q" = — = - — -,
(@ =1+q+---+¢ T—q T—¢ 1-¢

which matches (1).

Assume b > 1.If u € A with u; < A, thenwelet ¢(u) = (uq + 1, o, ..., wp). lf v € A with vy > vy, we let
¢ '(v) = (v —1, vy, ..., vp). Forany n, clearly ¢ gives a bijection between partitions . € A with |u] =n—1and u; < A
and partitions v € X with |v| = nand v; = v,. Thus taking (1 — q‘l)G’A (q) gives a lot of cancellation. Specifically, we get

(1= g)HGj () = G (@) — ¢'(¢")G}(q) (2)
) 1 .

—G N (q) — ————(@™1TV)G! 3

T s AP C) (3)

where the first term on the right side of (2) corresponds to v with v; = v,, while the second term corresponds to u with

M1 = A1
It is not difficult (with care) to verify that for A C [b — 1],

1 i+1
a—q) a?

G (q) =

Gy a(q) =

and
‘ G+
1
G}»,AU{b} (q) == (] _ ql) G)_L,A(q)a

so by (3), we get

G, (@) = G (o) — (@6 @)

(1—q) (1—q)

1 i
= Z (1_qi)ci+,/:(q)_ Z

iy LA
AC[b—1] AC[b—1] (1—-q)

= Z GR,B(Q)- u

BC|b]

gty

©)]

We can substitute i = 1 (which is the case we are really interested in).
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