Discrete Mathematics 311 (2011) 282-288

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Independent sets and non-augmentable paths in arc-locally
in-semicomplete digraphs and quasi-arc-transitive digraphs”

Shiying Wang *, Ruixia Wang

School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi 030006, PR China

ARTICLE INFO ABSTRACT

Article history: A digraph is arc-locally in-semicomplete if for any pair of adjacent vertices x, y, every
Received 24 March 2010 in-neighbor of x and every in-neighbor of y either are adjacent or are the same vertex.
Received in revised form 4 November 2010 A digraph is quasi-arc-transitive if for any arc xy, every in-neighbor of x and every out-

Accepted 9 November 2010

Available online 1 December 2010 neighbor of y either are adjacent or are the same vertex. Laborde, Payan and Xuong

proposed the following conjecture: Every digraph has an independent set intersecting
every non-augmentable path (in particular, every longest path). In this paper, we shall

K N . . . . . . .

D(i?g x;f: prove that this conjecture is true for arc-locally in-semicomplete digraphs and quasi-arc-
Arc-locally in-semicomplete digraphs transitive digraphs. ) .
Quasi-arc-transitive digraphs © 2010 Elsevier B.V. All rights reserved.

Independent sets
Non-augmentable paths

1. Introduction and terminology

We only consider finite dlgraphs without loops and multiple arcs. Let D be a digraph w1th vertex set V(D) and arc set A(D).
For anyx, y € V(D) we will write xy orx — yifxy € A(D), and also, we will write Xy if Xy Xy or 37)x Forany u, v,x,y € V(D)
if uv, xti and yv then we will write ¥ uvﬁT For disjoint subsets X and Y of V(D) or subdigraphs of D, X — Y means that
every vertex of X dominates every vertex of Y, X = Y means that there is no arc from Y to X and X > Y means that both of
X — Y and X = Y hold. For a vertex x in D, its out-neighborhood N*(x) = {y € V(D) : xy € A(D)} and its in-neighborhood
N=(x) ={y e V(D) : yx € A(D)}.Foraset W C V,let Nt (W) = Uyew NT(w) — W, N"(W) = Upew N~ (w) — W.Fora
pair X, Y of vertex sets of D, define [X, Y] = {xy € A(D) : x € X,y € Y}.Let D' be asubdigraph of Dandx € V(D)—V (D). We
say that x and D’ are adjacent if x and some vertex of D’ are adjacent. A strong component of a digraph D is a maximal induced
subdigraph of D which is strong. The strong component digraph SC (D) of D is obtained by contracting strong components of
D and deleting any parallel arcs obtained in this process. An empty digraph is a simple digraph in which no two vertices are
adjacent.

A path P = XoX1...Xy in D is non-augmentable if there exists no path ygy;...ys in D — V(P) such that ysxo or xkyo or
X o 1Yo and R for some 1 < i < k. Clearly, a longest path must be a non- augmentable path, but the converse is not true. A
path Q = XxgX1 . Xe in D is internally and initially non-augmentable if there exists no path ygy;...ys in D — V(Q) such that
ysxo or X;_1Yo and ysxl for some 1 <i < t.Apath P in D intersects a subset F of V(D) if V(P) N F ;é A.

A digraph is arc-locally in-semicomplete (arc-locally out-semicomplete) if for any pair of adjacent vertices x, y, every in-
neighbor (out-neighbor) of x and every in-neighbor (out-neighbor) of y either are adjacent or are the same vertex. A digraph
is quasi-arc-transitive if for any arc xy, every in-neighbor of x and every out-neighbor of y either are adjacent or are the same
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vertex. A digraph is quasi-antiarc-transitive if for any arc xy, every in-neighbor of y and every out-neighbor of x either are
adjacent or are the same vertex. For concepts not defined here we refer the reader to [1,2].

In [6], Laborde et al. conjectured that in every digraph, there exists an independent set intersecting every longest path
and showed that this conjecture is true for symmetric digraphs. This conjecture is still open. Many classes of digraphs have
kernels, such as transitive digraphs. In [4], Galeana-Sanchez and G6mez showed that this conjecture is true for digraphs
having a kernel. In [5], Galeana-Sanchez and Rincon-Mejia proved the conjecture for line digraphs, arc-locally semicomplete
digraphs, quasi-antiarc-transitive digraphs, quasi-transitive digraphs, path-mergeable digraphs, locally in-semicomplete
digraphs, locally out-semicomplete digraphs, semicomplete digraphs and semicomplete k-partite digraphs, all of which
are generalizations of tournaments except line digraphs. Note that arc-locally in-semicomplete digraphs, arc-locally out-
semicomplete digraphs and quasi-arc-transitive digraphs are also generalizations of tournaments. In this paper, we will
prove this conjecture for these three classes of digraphs.

2. Arc-locally in-semicomplete digraphs

Let us start with two classes of digraphs which are closely related to arc-locally in-semicomplete digraphs.

Let C be acycle oflength k > 2 and let V1, V>, ..., Vi be pairwise disjoint vertex sets. The extended cycle C[V1, V5, ..., Vi]
is the digraph with vertex set V; U V, U - - - U V} and arc set Uﬂ‘:1{vivj+1 1 v € Vi, vipq € Vipq}, where subscripts are taken
modulo k. That is, we have V; — V, — --- > V, — V; and there are no other arcs in this extended cycle. Let H; and H3
be two empty digraphs, H; be a trivial empty digraph, H4 be a semicomplete digraph and let H be a digraph with vertex set
V(H{)UV (H;)UV (H3)UV (Hy) and arc set A(Hy) U{uv : u € V(H3)UV (Hy), v € V(H)}U{xy : x € V(Hy),y € V(H3)}U{zw :
z € V(Hy), w € V(H3)}, where Hq, H,, H3 and H, are pairwise disjoint and one of V (H3) and V (H,) is permitted to be empty.
Add some arcs between V(H;) and V(H;) U V(Hy4) to H such that the resulting digraph D is strong and the vertex of H; is
adjacent to every vertex of H; U Hy. It is easy to see that Hy — H,, H, — Hs, H3 U H4 — H;, Hy — Hs.Such Dis called a
T-digraph with T-partition (V (H;), V(H;), V(H3), V(Hy)).

The following result can be found in [7].

Lemma 2.1 ([7]). Let D be a strong arc-locally in-semicomplete digraph, then D is either a semicomplete digraph, a semicomplete
bipartite digraph, an extended cycle or a T-digraph.

The following lemmas play an important role in our paper.

Lemma 2.2. Let D be an arc-locally in-semicomplete digraph and let D’ be a non-trivial strong subdigraph of D. For any
s € V(D) — V(D)), if there exists a path from s to D', then s and D’ are adjacent.

Proof. Let P = sx; ... x, be a shortest path from s to D’. We prove that s is adjacent to some vertex in D’ by induction on the
length k of P. Obviously, the assertion holds when k = 1. For any k > 2, we suppose that the assertion holds for k — 1. Note
that x; ... x, is a path of length k — 1. By the induction hypothesis, there exists a vertex u € V(D’) such that u and x; are
adjacent. Since D’ is a non-trivial strong digraph, there exists a vertex v € V(D’) such that v — u. Then 5v because ?xTu(v_
and D is arc-locally in-semicomplete. The proof of Lemma 2.2 is complete. O

Lemma 2.3. Let D’ be a subdigraph of an arc-locally in-semicomplete digraph D and let s € V(D) — V(D') such that there exists
an arc froms to D' and s = D'. Then each of the following holds:

(a) If D' is a path of even length and s dominates the terminal vertex of D', then s dominates the initial vertex of D'
(b) If D' is a cycle and s dominates two consecutive vertices in D', then s — D'.
(c) If D' is an odd cycle, thens +— D'.

Proof. (a)Let D' = XxoXg ... Xy For k = 0 the assertion is trivial, so assume k > 1. By the hypothesis, mm%_ which
implies that Sx,;_,. Combining this with s = D’, we have s — X,,_,. Continuing in this way, it follows that s — x,.
(b)LetD’ = y1y> ...y:y1. Without loss of generality, assume thats — {y;, y»}.Lety € V(D') — {y1, y»} be arbitrary. Note
that one of the lengths of D'[y, y;] and D'[y, y,] must be even. By (a), s — y.So s — D’ follows froms = D'.
(c)Let D' = z1z; .. .Zz4121. Without loss of generality, assume that s — zy, 1. Note that the length of D'[z;, Zoky1] is
even. By (a), we have that s — z;. Therefore, it follows from (b) that s — D’. The proof of Lemma 2.3 is complete. [

Lemma 2.4. Let D be an arc-locally in-semicomplete digraph and let D’ be a non-trivial strong induced subdigraph of D and let
s € V(D) — V(D) such that there exists an arc from s to D' and s = D’. Then each of the following holds:

(a) If D' is a bipartite digraph with bipartition (X, Y) and s dominates a vertex of X, then s — X.
(b) If D’ is a non-bipartite digraph, then s +— D'.
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