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a b s t r a c t

A locally irregular graph is a graphwhose adjacent vertices have dis-
tinct degrees.We say that a graphG can be decomposed into k locally
irregular subgraphs if its edge set may be partitioned into k subsets
each of which induces a locally irregular subgraph in G. We char-
acterize all connected graphs which cannot be decomposed into
locally irregular subgraphs. These are all of odd size and include
paths, cycles and a special class of graphs of maximum degree 3.
Moreover we conjecture that apart from these exceptions all other
connected graphs can be decomposed into 3 locally irregular sub-
graphs. Using a combination of a probabilistic approach and some
known theoremsondegree constrained subgraphs of a given graph,
we prove this statement to hold for all regular graphs of degree at
least 107. We also support this conjecture by showing that decom-
positions into three or two such subgraphs might be indicated e.g.
for some bipartite graphs (including trees), complete graphs and
cartesian products of graphs with this property (hypercubes for in-
stance). We also investigate a total version of this problem, where
in some sense also the vertices are being prescribed to particular
subgraphs of a decomposition. Both the concepts are closely re-
lated to the known 1-2-3 Conjecture and 1-2 Conjecture, respec-
tively, and other similar problems concerning edge colourings. In
particular, we improve the result of Addario-Berry et al. (2005) in
the case of regular graphs.
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1. Introduction

All graphs considered are simple and finite. We follow [10] for the notations and terminology not
defined here. Consider a graphG = (V , E). It is well known that if its order n is at least two, then it can-
not be (completely) irregular, i.e., itmust contain a pair of vertices of the same degree. By a locally irreg-
ular graphwe shall mean a graph such that the degree of every vertex is distinct from the degrees of all
of its neighbours. In otherwords, it is a graph inwhich the adjacent vertices have distinct degrees. Such
graphs exist for every order n. A natural antonym of the class of these is the family of regular graphs.
In this paper we investigate decompositions of regular, or more generally any graphs into locally ir-
regular subgraphs. More precisely, we say that G can be decomposed into k locally irregular subgraphs if
its edge set may be partitioned into k subsets each of which induces a locally irregular subgraph, i.e.,
E = E1 ∪ E2 ∪· · ·∪ Ek with Ei ∩ Ej = ∅ for i ≠ j and Hi := (V , Ei) is locally irregular for i = 1, 2, . . . , k.
Note that instead of decomposing the graph G, we may alterably paint its edges with k colours so that
every colour class induces a locally irregular subgraph in G. Such colouring shall be called a locally ir-
regular k-edge colouring of G. The colour classes of this naturally define locally irregular subgraphs of
Gmaking up its decomposition. Thus the two notions shall be used equivalently. Note that if an edge
uv ∈ E has colour i assigned by a locally irregular edge colouring, then the number of edges coloured
with i incident with u must be distinct from the number of edges coloured with i incident with v. As
usual we shall be most interested in the least number of colours necessary to create such a colouring.
However, not every graph admits any such colour assignment, this does not exist e.g. for the path P2
(on 2 vertices). Other exceptions are discussed further on. Apart from these, we suspect that three
colours (k = 3) are sufficient for all remaining graphs, cf. Conjecture 3.4. Intriguingly, the subject of
our investigations binds several other related problems, which in fact motivated our research.

1.1. 1-2-3 Conjecture

Consider another concept of introducing local irregularity in a graph by means of edge colour-
ings (or weightings). Let c : E → {1, 2, . . . , k} be an edge colouring of G with positive integers. For
every vertex v we then denote by sc(v) :=


u∈N(v) c(uv) the sum of its incident colours and call

it the weighted degree of v. We say that c is a neighbour sum distinguishing k-edge colouring of G if
sc(u) ≠ sc(v) for all adjacent vertices u, v in G. Another interpretation of this concept, introduced by
Karoński, Łuczak and Thomason [17], asserts that instead of assigning an integer to every edge, we
multiply it the corresponding number of times in order to create a locally irregular multigraph of G,
i.e., a multigraph whose neighbours have distinct degrees. This problem came to life as a descendant
of the graph invariant known as the irregularity strength of a graph, where as above, given a graph, one
strives to create of it a multigraph in which all vertices have distinct degrees, see e.g. [4,9,11,16,18,
19,21] for further details and some of the most up-to-date results and open problems concerning this
parameter. It is also worth mentioning that the concept of the irregularity strength was motivated
by the study of Chartrand, Erdős, Oellermann et al. concerning ‘irregular graphs’ (see [5,6,8]), whose
research are also closely related to ours.

In [17] Karoński, Łuczak and Thomason posed the following elegant problem, known as the 1-2-3
Conjecture.

Conjecture 1.1 (1-2-3 Conjecture). There exists a neighbour sumdistinguishing 3-edge colouring of every
graph G containing no isolated edges.

Thus far it is known that a neighbour sum distinguishing 5-edge colouring exists for every graph
without isolated edges, see [15]. On the other hand, Addario-Berry, Dalal and Reed proved in [3] the
following result for random graphs.

Theorem 1.2. If G is a random graph (chosen from Gn,p for a constant p ∈ (0, 1)), then asymptotically
almost surely, there exists a neighbour sum distinguishing 2-edge colouring of G.

This fact gets even more interesting in view of our research if combined with the following straight-
forward observation.
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