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Given a group G, the model (G, p) denotes the probability space
of all Cayley graphs of G where each element of the generating set
is chosen independently at random with probability p.

Given a family of groups (G) and a ¢ € R, we say that c is the
threshold for diameter 2 for (Gy) if for any & > 0 with high proba-

bility I € (G, p) has diameter greater than 2 ifp < ,/(c — s)l‘)%

and diameter at most 2 if p > ,/(c + s)l"%. In Christofides and

Markstrom (in press) [5] we proved that if c is a threshold for di-
ameter 2 for a family of groups (Gy) then c € [1/4, 2] and provided
two families of groups with thresholds 1/4 and 2 respectively.
In this paper we study the question of whether every c € [1/4,
2] is the threshold for diameter 2 for some family of groups. Rather
surprisingly it turns out that the answer to this question is negative.
We show thateveryc € [1/4, 4/3]is athreshold butac € (4/3, 2]
is a threshold if and only if it is of the form 4n/(3n — 1) for some
positive integer n.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Let us begin by recalling that given a group G and a subset S of G, the Cayley graph I = I'(G; S)
of G with respect to S has the elements of G as its vertex set and g and h are neighbours if and only
if hg=! € Sorgh™! e S. We ignore any loops, so in particular, whether 1 € S or not is immaterial.
Observe for example that I" is connected if and only if the set S generates the group G. Throughout the
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paper, we will often refer to the set S as the generating set of the graph I irrespectively of whether it
is a generating set for the group G or not.

The model 4(G, p) is the probability space of all graphs I"(G; S) in which every element of G is
assigned to the set S independently at random with probability p. We refer the reader to [4,5] for
a discussion of some similarities and differences between this model and various other models of
random graphs.

In this paper we continue the study of the diameter of random Cayley graphs that was initiated
in [5]. Given a family of groups (Gy) of orders nj with ny — ocoask — ocoandac € R, we say thatc
is the threshold for diameter 2 for (Gy) if for any ¢ > 0 with high probability I" € 4 (G, p) has diam-

eter greater than 2 if p < ,/(c — s)k’% and diameter at most 2 if p > /(c + s)l"%. In [5] we proved
that if c is a threshold for diameter 2 for a family of groups (G;) then ¢ € [1/4, 2]. Moreover this is
best possible as 1/4 is the threshold for the family of symmetric groups S, while 2 is the threshold
for the family of products of two-cycles (C;)". Here we can also mention that for a model for random
Cayley digraphs the probability of having diameter 2 was studied in [7].

Given the above result it is natural to ask whether for every ¢ € [1/4, 2] there is a family of groups
for which it is a threshold for diameter 2. Rather surprisingly, it turns out that the answer is negative.
The aim of this paper is to give a characterisation of the values of ¢ that can appear as thresholds.

Theorem 1.1. Let ¢ € [1/4, 2]. Then c is the threshold for diameter 2 for a family of groups (Gy) if and

onlyif c € [1/4,4/3]U {52 : n € N}.

We break the proof of Theorem 1.1 into the following results.

Theorem 1.2. Let ¢ € [1/4, 1/2). Then c is the threshold for diameter 2 for the family S, x Cp, where
2c
m= Ln!ﬁj.

Theorem 1.3. Let ¢ € [1/2, 1). Then c is the threshold for diameter 2 for the family G = (C3)" x (Cy)
(1—o)n
where m = LZ c J

Theorem 1.4. Let ¢ € [1, 4/3). Then c is the threshold for diameter 2 for the family G = (C;)" x (Dam)
4—3c)n

wherem = LZ( 3c J and D,y is the dihedral group of order 2m.

Theorem 1.5. Suppose ¢ > 4/3 is the threshold for diameter 2 for some family of groups. Then ¢ €

{3:1‘21 ne N}. Moreover, given a positive integer n, 3321 is the threshold for diameter 2 for the family

((CZ)k X D4n)k'

It is evident that Theorem 1.1 follows from Theorems 1.2-1.5. These results will be consequences
of the more general Theorem 2.1 which enables us to determine the threshold for diameter 2 for a
family of groups provided we have enough information about some specific structure of the groups
of this family.

As we mentioned this looks like a surprising result as one would expect that by taking ‘suitable
combinations’ of groups with different thresholds, one should be able to interpolate to get all possible
values between the two thresholds. This is exactly what happens in Theorem 1.2. Symmetric groups
have threshold 1/4, cyclic groups have threshold 1/2, and by taking a suitable direct product we can
get any threshold in the interval [1/4, 1/2]. However there is a natural reason why this result is not so
surprising after all. As one would expect the result depends on various group properties and there are
many such properties for which you cannot interpolate. We are thinking here of properties which say
that when the group is ‘too close to being abelian’ then it actually is abelian. For example it is a trivial
observation that if more than half of the elements of a group are central (i.e. they commute with every
other element) then the group is abelian and so all elements are central. (In fact the same holds even
when more than a quarter of the elements are central.) In a similar manner, if more than 5/8 of pairs of




Download English Version:

https://daneshyari.com/en/article/6424185

Download Persian Version:

https://daneshyari.com/article/6424185

Daneshyari.com


https://daneshyari.com/en/article/6424185
https://daneshyari.com/article/6424185
https://daneshyari.com

