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a b s t r a c t

An n-bit (cyclic) Gray code is a (cyclic) ordering of all n-bit
strings such that consecutive strings differ in exactly one bit. We
construct an n-bit cyclic Gray code Cn whose graph of transitions
is isomorphic to an induced subgraph of the d-dimensional
hypercube where d = ⌈lg n⌉. This allows to represent Cn so that
only 2(log log n) bits per n-bit string are needed. We provide an
explicit description of an algorithmwhich generates the transition
sequence of Cn in linear time with respect to the output size.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

An n-bit Gray code Cn = (u1, u2, . . . , uN),N = 2n, is a sequence of all n-bit strings such that
consecutive strings differ in exactly one bit. If, moreover, the first and the last strings also differ in
exactly one bit, the code is called cyclic.

Gray codes are named after Frank Gray, who in 1953 patented a simple scheme to generate such a
cyclic code for every n ≥ 1 [4]. The resulting code 0n, known as a binary reflected Gray code, may be
defined recursively by

01 = (0, 1), 0n+1 = 00n, 10R
n (1.1)

where b0n denotes the sequence 0n with b ∈ {0, 1} prefixed to each string, and 0R
n denotes 0n

in reverse order [6]. Gray codes have found applications in such diverse areas as image processing,
signal encoding or data compression, and the research of alternative constructions of Gray codes with
additional properties has received a good deal of attention [9].
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Fig. 1. The cyclic Gray code C4 and its transition sequence τ(C4).

Fig. 2. The cyclic Gray code C4 depicted as a Hamiltonian cycle of Q4 and its graph of transitions GC4 .

Let Cn be an n-bit cyclic Gray code. A transition 1(x, y) between two consecutive strings x =
x0x1 · · · xn−1 and y = y0y1 · · · yn−1 of Cn is the unique integer i ∈ [n] = {0, 1, . . . , n − 1} such
that xi ≠ yi. A transition sequence τ(Cn) of Cn = (u1, u2, . . . , uN) is the sequence [t1, t2, . . . , tN ] listing
transitions ti = 1(ui, ui+1) for all i ∈ [N] \ {0} and well as the closing transition tN = 1(uN , u1).
See Fig. 1 for an illustration. Perhaps the most famous transition sequence is known as the ‘‘ruler
function’’ [8]:

1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 5, 1 . . . .

If bits are numbered from the right starting with 1, i.e., x = xnxn−1 · · · x1 for x ∈ {0, 1}n, each prefix of
this sequence of length 2n

− 1 corresponds to τ(0n) without the closing transition.
A graph of transitions of Cn, denoted by GCn , also called a graph induced by τ(Cn), is an undirected

graph with vertices V (GCn) = [n] and edges

E(GCn) = {titi+1 | i ∈ [N] \ {0}} ∪ {tN t1}.

For example, the graph of transitions of the code C4 from Fig. 1 is a 4-cycle; see Fig. 2. The graph of
transitions of 0n is star centered at vertex n− 1 with leaves [n− 1], since here 1(ui, ui+1) = n− 1 iff
i is an odd number.

Slater [10] was probably the first who asked which graphs are graphs of transitions of (cyclic)
Gray codes. Bultena and Ruskey [1] used computer search to catalog these graphs for n ≤ 5, and
Wilmer and Ernst [13] extended the list to all n ≤ 7. For larger values of n, there are only some partial
results [1,10,12,13]. For example, Bultena and Ruskey [1] proved that every tree of diameter 4 is a
graph of transitions of a cyclic Gray code, but no tree of diameter 3 has this property. Wilmer and
Ernst [13] showed that for an arbitrarily large d ≥ 4 there is a Gray code whose graph of transitions
is a tree of diameter d. Suparta and van Zanten [12] proved that the complete graphs are also graphs
of transitions of cyclic Gray codes. Among many open problems posed in [1,10–13], it is particularly
interesting whether paths and cycles are graphs of transitions of (cyclic) Gray codes.

Each n-bit (cyclic) Gray code may be viewed as a Hamiltonian path (cycle) in the n-dimensional
hypercube Qn [3]; see Fig. 2 for an illustration. It is therefore natural to ask whether there are Gray
codes whose graphs of transitions are hypercubes. This question has been answered in [2], where
we showed that for every positive integer n there exists an n-bit cyclic Gray code Cn whose graph of
transitions is isomorphic to Qd if n = 2d, or to a subgraph of Qn if 2d−1 < n < 2d. In the latter case,
the subgraph of Qd need not be necessarily an induced subgraph.

In this paper, we provide an alternative construction which coincides with that of [2] for n = 2d,
but differs from it for 2d−1 < n < 2d. The resulting n-bit cyclic Gray code then has the property that
its graph of transitions is isomorphic to an induced subgraph of Qd, which has the maximum number
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