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We show that for sufficiently large n, every 3-uniform 
hypergraph on n vertices with minimum vertex degree at 
least 
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)
+ c, where c = 2 if n ∈ 4N and c = 1

if n ∈ 2N \ 4N, contains a loose Hamilton cycle. This degree 
condition is best possible and improves on the work of Buß, 
Hàn and Schacht who proved the corresponding asymptotical 
result.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The study of Hamilton cycles is an important topic in graph theory. In recent years, 
researchers have worked on extending the classical theorem of Dirac [7] on Hamilton 
cycles to hypergraphs – see recent surveys of [23,20].

Given k ≥ 2, a k-uniform hypergraph (in short, k-graph) consists of a vertex set V
and an edge set E ⊆

(
V
k

)
, where every edge is a k-element subset of V . For 1 ≤ l < k, 

a k-graph is called an l-cycle if its vertices can be ordered cyclically such that each 
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of its edges consists of k consecutive vertices and every two consecutive edges (in the 
natural order of the edges) share exactly l vertices. (If we allow l = 0, then a 0-cycle 
is merely a matching and perfect matchings have been intensively studied recently, e.g. 
[1,5,9,16,15,21,27,30,31].) In k-graphs, a (k − 1)-cycle is often called a tight cycle while 
a 1-cycle is often called a loose cycle. We say that a k-graph contains a Hamilton l-cycle
if it contains an l-cycle as a spanning subhypergraph. Note that a Hamilton l-cycle of a 
k-graph on n vertices contains exactly n/(k − l) edges, implying that k − l divides n.

Given a k-graph H with a set S of d vertices (where 1 ≤ d ≤ k−1) we define degH(S)
to be the number of edges containing S (the subscript H is omitted if it is clear from 
the context). The minimum d-degree δd(H) of H is the minimum of degH(S) over all 
d-vertex sets S in H. We refer to δ1(H) as the minimum vertex degree and δk−1(H) the 
minimum codegree of H.

1.1. Hamilton cycles in hypergraphs

Confirming a conjecture of Katona and Kierstead [13], Rödl, Ruciński and Szemerédi 
[25,26] showed that for any fixed k, every k-graph H on n vertices with δk−1(H) ≥
n/2 + o(n) contains a tight Hamilton cycle. This is best possible up to the o(n) term. 
With long and involved arguments, the same authors [28] improved this to an exact result 
for k = 3. Loose Hamilton cycles were first studied by Kühn and Osthus [18], who proved 
that every 3-graph on n vertices with δ2(H) ≥ n/4 +o(n) contains a loose Hamilton cycle. 
Czygrinow and Molla [6] recently improved this to an exact result. The result of Kühn 
and Osthus [18] was generalized for arbitrary k and arbitrary l < k/2 by Hàn and 
Schacht [10], and independently by Keevash et al. [14] for l = 1 and arbitrary k. Later 
Kühn, Mycroft, and Osthus [17] obtained an asymptotically sharp bound on codegree 
for Hamilton l-cycles for all l < k. Hence, the problem of finding Hamilton l-cycles in 
k-graphs with large codegree is asymptotically solved.

Much less is known under other degree conditions. Recently Rödl and Ruciński [24]
gave a sufficient vertex degree condition that guarantees a tight Hamilton cycle in 
3-graphs. Glebov, Person and Weps [8] gave a nontrivial vertex degree condition for 
tight Hamilton cycles in k-graphs for general k. Neither of these results is best possible 
– see more discussion in Section 4.

Recently Buß, Hàn, and Schacht [2] studied the minimum vertex degree that guaran-
tees a loose Hamilton cycle in 3-graphs and obtained the following result.

Theorem 1.1. (See [2, Theorem 3].) For all γ > 0 there exists an integer n0 such that 
the following holds. Suppose H is a 3-graph on n > n0 with n ∈ 2N and

δ1(H) >
(

7
16 + γ

)(
n

2

)
.

Then H contains a loose Hamilton cycle.
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