TOPOL:5427

Topology and its Applications o e e (e e e o) o e o—0 e

Contents lists available at ScienceDirect

Topology and its Applications

www.elsevier.com/locate/topol

G-fibrations and twisted products

Alexander Bykov *, Raul Juarez Flores

Benemérita Universidad Auténoma de Puebla, Av. San Claudio y Rio Verde, Ciudad Universitaria,
Colonia San Manuel, CP 72570, Puebla, Pue., Mexico

ARTICLE INFO ABSTRACT

Article history: We prove that the functor of twisted product G Xy — takes H-fibrations to
Rece}"ed _31 Ja‘}uary 2014 G-fibrations when G is a compact metrizable (not necessarily Lie) group and H
Received in revised form 2 is its closed subgroup. This result is applied to the study of strong G-fibrations. In

September 2014
Accepted 2 September 2014
Available online xxxx

particular, we show that every G-map F — G/H is a strong G-fibration provided
that E is a G-fibrant space.
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0. Introduction

One of the remarkable facts of the theory of G-spaces is the following: if H is a closed subgroup of a
compact Lie group G, then any G-map

p:E—G/H

is a G-fibration. Here, by a G-fibration, we mean a G-map having the equivariant homotopy lifting property
with respect to every G-space (see [10, p. 53|). This fact is well-known (as part of the theory of equivariant
bundles) though it is not easy to find its explicit proof in the literature. One can recommend a detailed
proof given in [6, Proposition 3.1] for the case of metrizable G-space E. As shown, in particular, in the
present paper, this special case implies the general one. In fact, one of the aims of the paper is to prove
that p is still a G-fibration even when G is any compact metrizable (not necessarily Lie) group.
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Naturally, the study of the properties of G-maps E — G/H is closely related to the study of the twisted
products of the form G x g F because of the elementary assertion (e.g., for a compact Hausdorff group G):
a G-space F can be regarded as the twisted product G x g F for some H-space F iff there exists a G-map
E— G/H.

The main result of the paper, which generalizes the fact mentioned at the beginning, can be formulated
as follows: the functor of twisted product G x g — takes H-fibrations to G-fibrations provided that G is a
compact metrizable group and H is its closed subgroup (Theorem 6.4). Lemma 6.1 allows us to reduce the
proof of this general result to the proof that the projection G — G/H is an H-fibration with respect to the
action of H on G by conjugation. Therefore the key point of the paper is Proposition 6.3 which states that
this canonical projection can be regarded as an H-fibration (in the above sense) for any compact metrizable
group G (for compact Lie groups this is known, see the proof given on p. 266 in the paper of R. Lashof [15]).

At the end of the paper we consider some consequences of the main result. In particular, the fact that
any G-map p: E — G/H is a G-fibration for a compact metrizable group G (Corollary 6.5) implies partial
positive answers to Questions 4.4 and 4.5 stated by S. Antonyan in [4] (see Propositions 6.6 and 6.8(2)).

Other applications concern the strong G-fibrations introduced in [6]. Corollary 6.5 can be modified as
follows: any G-map p : E — G/H is a strong G-fibration provided that F is a G-fibrant space (Proposi-
tion 6.7). We also show that the functor of twisted product G x g — takes strong H-fibrations to strong
G-fibrations if G/H is a metrizable G-ANE-space (Proposition 6.10).

1. Preliminaries

Throughout the paper the letter G will denote a compact Hausdorff group, while our main results concern
the case of a compact metrizable group G; the unit element of G is denoted by e.

The foundations of the theory of G-spaces (also known as the theory of topological transformation
groups) can be found in [8,10] and [17]. Below, for the convenience of the reader, we recall some well-known
definitions and facts.

A G-space is a topological space X together with a fixed continuous (left) action - : G x X — X,
(g,2) — g-x, of G on X. It is used to write simply gx instead of g - . Given G-spaces X and Y, a
continuous map f : X — Y is called a G-map or an equivariant map if f(gz) = gf(x) for all (g,z) € G x X.
If a G-map f is a homeomorphism, we say that it is a G-homeomorphism. Clearly the G-spaces and the
G-maps form a category which will be denoted by G-TOP.

Let X be a G-space. A subset A C X is called G-invariant or a G-subset if ga € A for all g € G and
a € A. For x € X, the subgroup G, = {g € G | gx = x} is called the isotropy group at x and the G-subset
G(z) = {gz | g € G} is called the G-orbit of z. By a free G-space X we mean a space in which G acts freely,
that is, G, = {e} for every = € X.

Given a G-space X, the set of its G-orbits, endowed with the quotient topology, is called the G-orbit
space of X and is denoted by X/G. The natural projection mx : X — X/G (defined by mx(z) = G(x)) is
called the G-orbit map or the G-orbit projection of X; it is a G-map if we regard the G-orbit space X/G as
a (G-space with the trivial action of G.

If f: X =Y is a G-map, then there exists a unique continuous map f/G : X/G — Y/G, called the map
induced by f, such that the diagram

x/6 % v

commutes. Clearly, f/G is defined by (f/G)(G(x)) = G(f(z)).

Please cite this article in press as: A. Bykov, R. Juédrez Flores, G-fibrations and twisted products, Topology and its
Applications (2015), http://dx.doi.org/10.1016/j.topol.2015.05.011




Download English Version:

https://daneshyari.com/en/article/6424561

Download Persian Version:

https://daneshyari.com/article/6424561

Daneshyari.com


https://daneshyari.com/en/article/6424561
https://daneshyari.com/article/6424561
https://daneshyari.com

