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1. Introduction

In this note, unless stated otherwise, we assume that all spaces are separable metric spaces and all maps are continuous
functions. Also, dimension means the covering dimension dim of spaces (see [5]). Let N be the set of all natural numbers,
iie, N={1,2,...}. Foramap f:X— X, let P(f) be the set of all periodic points of f, i.e.,

P(f)={xe X | fP(x) =xfor some p € N}.

For each i € N, we put P;(f) = {x € X | fi(x) = x}(= Fix(f')). Note that P(f) = U{Pi(f) | i € N}. A subset C of X is called
a color (see [13]) of f if f(C) N C = ¢. Note that f(C)NC = ¢ if and only if CN f~1(C) = ¢. A subset C of X is called a
bright color (see [3]) of f if f(C) N C =¢. Let A be any closed subset of X. We say that f|A: A — X is colorable (see [2])
and brightly colorable (see [3]) if there is a finite closed cover C of A such that each element C of C is a color and a bright
color of f, respectively. A map f : X — X satisfies the hereditarily colorable condition provided that if fi|A: A — X is any
fixed-point free map for any closed subset A of X and any i €N, then fi|A:A — X is brightly colorable. Note that for a
closed map f|A: A — X, f|A is colorable if and only if f|A is brightly colorable.

In [4], van Douwen proved that if f: X — X is a fixed-point free (i.e., P1(f) = ¢) and closed map of a finite-
dimensional (separable) metric space X with ord(f) = sup{|f~!(x)| | x € X} < oo, then f is colorable and hence the
extension Bf : BX — BX of f is fixed-point free, where SX denotes the Stone-Cech compactification of the space X.
In [9, Theorem 2.1], we proved that if f: X — X is a closed map of a finite-dimensional separable metric space X
with ord(f) < oo, then there exist a metric compactification ¥ X of X and an extension y f : yX — y X of f such that
dimy X =dimX, Cl,xPi(f) = Pi(y f) and dim P;(f) = dim P;(y f) for each i € N. In [2], Buzyakova and Chigogidze proved
that if f: X — X is any map of a finite-dimensional, locally compact and paracompact space X, then f : X — X satisfies
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the hereditarily colorable condition (see [2, Theorem 3.4]). Also, they showed that if f: X — X is any map of a finite-
dimensional, locally compact and paracompact space X, then P;(Bf) = Clgx P;(f). In [2, Proposition 4.4], they showed that
there exists a non-colorable fixed-point free map g: U — X such that U is an open subset of a (zero-dimensional) compact
metric space X. The properties of colors of maps have been studied by many authors (see [1-4,6-13]).

First, we prove the following theorem whose proof is a modification of the proof of [9, Theorem 2.1]. We need more
precise argument.

Theorem 1.1. If f : X — X is a map of a separable metric space X and f satisfies the hereditarily colorable condition, then there exist
a metric compactification y X of X and an extension y f : y X — y X of f such that dimy X = dim X, Cl, x Pi(f) = Pi(y f) and
dim P;(f) =dim P;(y f) foreachi e N.

Proof. We put P = {P;(f) | i € N} and enumerate P as {Q; | j € N} such that if P € P, then |{je N|P = Q;}| = 0. ie,
each P € P is listed infinitely often in {Q; | j € N}. Then we have a Wallman compactification a1 X = w(X, A1) such that
A; is a countable Wallman (closed) base for X and dimo;X =dim X and dimCly, x(Q1) =dim Q;, ie.,

w(X, A1) ={S C Ay | Sis an Aj-ultrafilter}

(see [13, Theorem 3.5.3]). Also, we may assume that P;(f) € A; for all i € N, For each F € A4, let

F*={SewX, A4)|FesS}.

Then we know that F* = Cly,x(F). We take a Wallman compactification s1X = w(X,B;) of X and an extension
s1f :51X — 51X of f such that By is a countable Wallman base for X and .4; C By. Suppose Qi = P;,(f) for some
iy € N. Since B} = {F* | F € By} is a countable closed base of the compact metric space s1X = w(X, B1), we can find a
sequence {F; | j € N} of By such that F]*- C Intg, x F;H and

U F;=wX.81) - QJ.
jeN
Note that for each j e N, fi1 |F; is a fixed-point free map. Since f satisfies the hereditarily colorable condition, fin |Fj:Fj—
X is brightly colorable. Hence there is a finite closed cover H; of F; such that Clx fir(HyNH = ¢ for each H € H;. Put
K1={H|HeH;j, jeNyU{[CIxf'(H)| H e H;, jeN}.

Note that /C; is countable. Then we can choose a countable Wallman base C; such that Xy UB; c C; and f~1(C1) C Cs.
Put t1X = w(X, Cq). Then we have the unique extension tqf :t;X — t1X of f. Let a; : 51X — o1 X and by : t1X — 51X be
the extensions of idy : X — X respectively. Note that s1f -by =bq - t1f.

We shall show that

b1(Py, (¢1)) = Cls,x Piy () (= Q7).

Note that b1 (Cle, x Pi, (f)) = Cls, x Pi, (f). Let q € Py, (t1 f). Suppose, on the contrary, that by(q) € s1X —Cls,x(P;, (f)). We have
some F; such that b1(q) € F;. Then we can take G ;1 € By such that

Gl UF =o(X.B)(=s1X), Gl NFi=¢.

Then Fj;1 UGj11 = X. Hence F]*._H U G’JTH =t X, b1(F}‘+1) C F%,, and bl(G;H) C G*_,. Since b1(q) ¢ G*%,,, we see that

j+1 j+1 1
qe Fj*.+l(C t1X). Since F]*.+] =|J{H* | H € i1}, there is H € Hj;1 such that g € H*. Note that

(61 H)1(Q) € (1N (H*) C (61 fHn(H) = fir(H) € Clx fir(H) = [Clx 1 ()]

Since Cly fii(H)N H = ¢ and Cly fi1(H), H € C1, we see that [Clx fi1 (H)]* N H* = ¢ and hence (t; f)!1(q) # q. This implies
that g ¢ P;, (t1 f), which is a contradiction.
Also, we can choose a Wallman compactification a3 X = w(X, A3) such that

(1) Ay is a countable Wallman (closed) base for X,
(2) dimapX =dim X, dim Cly,x(Q2) = dim Q2, and
(3) C1 C A (see [13, Theorem 3.5.3]).

Then we have the extension cq : X — t1X of idx : X — X. This is the first step.
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