Advances in Mathematics 304 (2017) 494-538

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

www.elsevier.com /locate/aim

Volume inequalities of convex bodies from cosine @ Cosetark
transforms on Grassmann manifolds ™

Ai-Jun Li*", Dongmeng Xi“"* Gaoyong Zhang"

? School of Mathematics and Information Science, Henan Polytechnic University,
Jiaozuo City 454000, China

Y Department of Mathematics, Tandon School of Engineering, New York
University, 6 MetroTech Center, Brooklyn, NY 11201, USA

¢ Department of Mathematics, Shanghai University, Shanghat 200444, China

ARTICLE INFO ABSTRACT

Article history: The L, cosine transform on Grassmann manifolds naturally
Received 27 April 2016 induces finite dimensional Banach norms whose unit balls are
Received in revised form 26 August origin-symmetric convex bodies in R™. Reverse isoperimetric
QA(?CZ ted 7 September 2016 type volume inequalities for these bodies are established,

P P which extend results from the sphere to Grassmann manifolds.

Available online 15 September 2016 X X
Communicated by Erwin Lutwak © 2016 Elsevier Inc. All rights reserved.

MSC:
52A40

Keywords:

Volume inequality

Reverse isoperimetric inequality
Cosine transform

Grassmann manifold

Isotropic measure

Cross measure

Ball-Barthe inequality

Mass transportation

* Research of the first named author is supported by NSFC—Henan Joint Fund U1204102. Research of the
second named author is supported by Shanghai Sailing Program 16YF1403800 and by China Scholarship
Council (CSC 201406890045). Research of the third named author is supported, in part, by NSF Grants
DMS-1007347 and DMS-1312181.

* Corresponding author.

E-mail addresses: liaijun72@163.com (A.-J. Li), dongmeng.xi@live.com (D. Xi),
gaoyong.zhang@nyu.edu (G. Zhang).

http://dx.doi.org/10.1016/j.aim.2016.09.007
0001-8708/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.aim.2016.09.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:liaijun72@163.com
mailto:dongmeng.xi@live.com
mailto:gaoyong.zhang@nyu.edu
http://dx.doi.org/10.1016/j.aim.2016.09.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2016.09.007&domain=pdf

A.-J. Li et al. / Advances in Mathematics 304 (2017) 494-538 495

1. Introduction

The solution to the classical isoperimetric problem says that among all convex bodies
of given surface area in the Euclidean space R", only the ball has maximal volume. It is
usually written as the following isoperimetric inequality,

1 n—1

S(K) > nwp V(K) =,

with equality if and only if the convex body K is a ball, where S(K) and V(K) denote
the surface area and volume of K, respectively, and w, is the volume of the Euclidean
unit ball. A convex body in R™ is a compact convex set with nonempty interior.

Note that the volume of a convex body can be arbitrarily small when its surface area
is fixed. Thus, the isoperimetric inequality can not be reversed with a different constant
factor. Establishing a reverse isoperimetric inequality that characterizes cubes, simplices,
or other non-spherical convex bodies is a highly interesting problem in convex geometry.

The celebrated work of Keith Ball [2,3] is a landmark in the study of the reverse
isoperimetric problem. He proved that for any symmetric convex body K in R"™ there is
a volume preserving linear transformation 1 so that the surface area of ¥ K is no larger
than that of a cube of the same volume. If symmetry is not assumed, he proved the
similar remarkable result for simplices. In Ball’s works [2—4], the notion of isotropy of
measures on the unit sphere (see (2.8)) and the Brascamp—Lieb inequality played critical
roles. By using the method of mass transportation, Barthe [7] found a new proof of the
Brascamp—Lieb inequality and established the reverse Brascamp—Lieb inequality. He then
used the inequalities to show new reverse isoperimetric inequalities, and also showed the
uniqueness of equality cases of his and Ball’s reverse isoperimetric inequalities, see [5-8].
The remarkable work of Ball and Barthe has motivated a series of new studies, see
for example, [1,10-13,18-21,24-26,31-33,41-45,56,57]. Some of Ball and Barthe’s results
were generalized in [42,44] from discrete to arbitrary isotropic measures on the unit
sphere and from polytopes to arbitrary convex bodies in R™. Most recently, Schuster and
Weberndorfer [60] proved important reverse isoperimetric inequalities for Wulff shapes of
arbitrary isotropic measures and Lo functions on the unit sphere which further generalize
and unify the results of Ball [2,3], Barthe [7], and [44.,45].

The purpose of this paper is to extend volume inequalities arising from measures on
the unit sphere to volume inequalities for measures on Grassmann manifolds. We study
the L, cosine transforms on Grassmann manifolds which include the spherical cosine
and sine transforms as special cases. Reverse isoperimetric inequalities are established
for convex bodies that are naturally associated with cosine transforms on Grassmann
manifolds, which generalize and unify the results on the unit sphere. New concepts and
techniques are introduced for proving these results.

A tool in harmonic analysis that is useful for the reverse isoperimetric problem is the
spherical cosine transform. The L, cosine transform C, on the unit sphere S"~! gives a
natural analytical operator in convex geometric analysis. It induces n-dimensional norms
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