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The focus of this paper commences with an examination 
of three (not obviously related) pages in Ramanujan’s lost 
notebook, pages 336, 335, and 332, in decreasing order of 
attention. On page 336, Ramanujan proposes two identities, 
but the formulas are wrong – each is vitiated by divergent 
series. We concentrate on only one of the two incorrect 
“identities,” which may have been devised to attack the 
extended divisor problem. We prove here a corrected version 
of Ramanujan’s claim, which contains the convergent series 
appearing in it. The convergent series in Ramanujan’s faulty 
claim is similar to one used by G.F. Voronoï, G.H. Hardy, 
and others in their study of the classical Dirichlet divisor 
problem. This now brings us to page 335, which comprises two 

* Corresponding author.
E-mail addresses: berndt@illinois.edu (B.C. Berndt), adixit@iitgn.ac.in, adixit@tulane.edu (A. Dixit), 

arindam.roy@rice.edu, roy22@illinois.edu (A. Roy), zaharesc@illinois.edu (A. Zaharescu).
1 The first author’s research was partially supported by NSA grant H98230-11-1-0200 and a Simons 

Foundation Collaboration Grant 318811.
2 Current address: Department of Mathematics, Indian Institute of Technology Gandhinagar, Palaj, 

Gandhinagar, Gujarat 382355, India.
3 The second author was funded in part by the grant NSF-DMS 1112656 of Professor Victor H. Moll of 

Tulane University and sincerely thanks him for the support.
4 Current address: Department of Mathematics – MS 136, Rice University, 6100 Main St, Houston, 77005, 

USA.

http://dx.doi.org/10.1016/j.aim.2016.08.011
0001-8708/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aim.2016.08.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:berndt@illinois.edu
mailto:adixit@iitgn.ac.in
mailto:adixit@tulane.edu
mailto:arindam.roy@rice.edu
mailto:roy22@illinois.edu
mailto:zaharesc@illinois.edu
http://dx.doi.org/10.1016/j.aim.2016.08.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2016.08.011&domain=pdf


810 B.C. Berndt et al. / Advances in Mathematics 304 (2017) 809–929

In Memory of Mohanlal Sinha Roy, 
Professor at Ramakrishna Mission 
Vidyamandira

In Memory of Professor Nicolae 
Popescu

MSC:
primary 11M06, 33C10
secondary 33E30, 11N37

Keywords:
Divisor problem
Circle problem
Ramanujan’s Lost Notebook
Voronoï summation formula
Koshliakov transforms
Bessel functions
Self-reciprocal functions
Wigert’s identity
Double Bessel series identities
Lommel functions

formulas featuring doubly infinite series of Bessel functions, 
the first being conjoined with the classical circle problem 
initiated by Gauss, and the second being associated with the 
Dirichlet divisor problem. The first and fourth authors, along 
with Sun Kim, have written several papers providing proofs 
of these two difficult formulas in different interpretations. In 
this monograph, we return to these two formulas and examine 
them in more general settings.
The aforementioned convergent series in Ramanujan’s
“identity” is also similar to one that appears in a curious 
identity found in Chapter 15 in Ramanujan’s second notebook, 
written in a more elegant, equivalent formulation on page 
332 in the lost notebook. This formula may be regarded 
as a formula for ζ( 1

2 ), and in 1925, S. Wigert obtained a 
generalization giving a formula for ζ( 1

k
) for any even integer 

k ≥ 2. We extend the work of Ramanujan and Wigert in this 
paper.
The Voronoï summation formula appears prominently in our 
study. In particular, we generalize work of J.R. Wilton and 
derive an analogue involving the sum of divisors function 
σs(n).
The modified Bessel functions Ks(x) arise in several contexts, 
as do Lommel functions. We establish here new series and 
integral identities involving modified Bessel functions and 
modified Lommel functions. Among other results, we establish 
a modular transformation for an infinite series involving σs(n)
and modified Lommel functions. We also discuss certain 
obscure related work of N.S. Koshliakov. We define and 
discuss two new related classes of integral transforms, which 
we call Koshliakov transforms, because he first found elegant 
special cases of each.
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