
Advances in Mathematics 305 (2017) 78–143

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com/locate/aim

Uniqueness and properties of distributional 
solutions of nonlocal equations of porous medium 

type

Félix del Teso a,∗, Jørgen Endal b, Espen R. Jakobsen b

a Basque Center for Applied Mathematics (BCAM), Bilbao, Spain
b Department of Mathematical Sciences, Norwegian University of Science and 
Technology (NTNU), N-7491 Trondheim, Norway

a r t i c l e i n f o a b s t r a c t

Article history:
Received 20 January 2016
Received in revised form 12 
September 2016
Accepted 16 September 2016
Available online 28 September 2016
Communicated by Ovidiu Savin

MSC:
35A02
35B30
35B35
35B53
35D30
35J15
35K59
35K65
35L65
35R09
35R11

Keywords:
Uniqueness
Distributional solutions

We study the uniqueness, existence, and properties of bounded 
distributional solutions of the initial value problem for 
the anomalous diffusion equation ∂tu − Lμ[ϕ(u)] = 0. 
Here Lμ can be any nonlocal symmetric degenerate elliptic 
operator including the fractional Laplacian and numerical 
discretizations of this operator. The function ϕ : R → R is 
only assumed to be continuous and nondecreasing. The class 
of equations include nonlocal (generalized) porous medium 
equations, fast diffusion equations, and Stefan problems. In 
addition to very general uniqueness and existence results, 
we obtain stability, L1-contraction, and a priori estimates. 
We also study local limits, continuous dependence, and 
properties and convergence of a numerical approximation of 
our equations.
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1. Introduction

In this paper, we obtain uniqueness, existence, and various other properties for 
bounded distributional solutions of a class of possibly degenerate nonlinear anomalous 
diffusion equations of the form:

∂tu− Lμ[ϕ(u)] = 0 in QT := R
N × (0, T ), (1.1)

u(x, 0) = u0(x) on R
N , (1.2)

where u = u(x, t) is the solution and T > 0. The nonlinearity ϕ is an arbitrary continuous 
nondecreasing function, while the anomalous or nonlocal diffusion operator Lμ is defined 
for any ψ ∈ C∞

c (RN ) as

Lμ[ψ](x) =
∫

RN\{0}

(
ψ(x + z) − ψ(x) − z ·Dψ(x)1|z|≤1

)
dμ(z), (1.3)

where D is the gradient, 1|z|≤1 a characteristic function, and μ a nonnegative symmetric
possibly singular measure satisfying the Lévy condition 

∫
|z|2 ∧ 1 dμ(z) < ∞. For the 

precise assumptions, we refer to Section 2.
The class of nonlocal diffusion operators we consider coincide with the generators of 

the symmetric pure-jump Lévy processes [8,6,38] like e.g. compound Poisson processes, 
CGMY processes in Finance, and symmetric s-stable processes. Included are the well-
known fractional Laplacians −(−Δ) s

2 for s ∈ (0, 2) (where dμ(z) = cN,s
dz

|z|N+s for some 
cN,s > 0 [23,6]), along with degenerate operators, and surprisingly, numerical discretiza-
tions of these operators!

In the language of [47], equation (1.1) is a generalized porous medium equation. On 
one hand, since ϕ is only assumed to be continuous, the full range of porous medium and 
fast diffusion nonlinearities are included: ϕ(r) = r|r|m−1 for m > 0. This is somehow 
optimal for power nonlinearities since if m < 0 (ultra fast diffusion), then not only 
uniqueness, but also existence may fail [11]. On the other hand, since ϕ is only assumed 
to be nondecreasing, it can be constant on sets of positive measure and then equation 
(1.1) is strongly degenerate. This case include Stefan type of problems, like e.g. when 
c1, c2, T > 0 and
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