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‘We show new upper and lower bounds for the effective dif-
ferential Nullstellensatz for differential fields of characteristic
zero with several commuting derivations. Seidenberg was the
first to address this problem in 1956, without giving a com-
plete solution. In the case of one derivation, the first bound
is due to Grigoriev in 1989. The first bounds in the general
case appeared in 2009 in a paper by Golubitsky, Kondratieva,
Szanto, and Ovchinnikov, with the upper bound expressed in
terms of the Ackermann function. D’Alfonso, Jeronimo, and
Solernd, using novel ideas, obtained in 2014 a new bound if
restricted to the case of one derivation and constant coeffi-
cients. To obtain the bound in the present paper without this
restriction, we extend this approach and use the new methods
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of Freitag and Leén Sanchez and of Pierce, which represent a
model-theoretic approach to differential algebraic geometry.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

It is a fundamental problem to determine whether a system F =0, F = fi,..., f;, of
polynomial PDEs with coefficients in a differential field K is consistent, that is, it has a
solution in a differential field containing K. Differential elimination [1,13] is an effective
method that can answer this question, and its implementations (including MAPLE pack-
ages) can handle examples of moderate size if a sufficiently powerful computer is used.
The differential Nullstellensatz states that the above consistency is equivalent to showing
that the equation 1 = 0 is not a differential-algebraic consequence of the system F' = 0.
Algebraically, the latter says that 1 does not belong to the differential ideal generated
by F' in the ring of differential polynomials.

The complexity of the effective differential Nullstellensatz is not just a central problem
in the algebraic theory of partial differential equations but is also a key to understanding
the complexity of differential elimination. It is often the case that this leads to substantial
improvements in algorithms. Let F' = 0 be a system of polynomial PDEs in n differential
indeterminates (dependent variables) and m commuting derivation operators 01, ..., 0,
(that is, with m independent variables), of total order h and degree d, with coefficients in
a differential field K of characteristic zero. For every non-negative integer b, let F(®) =0
be the set of differential equations obtained from the system F' = 0 by differentiating each
equation in it b times with respect to any combination of d,...,d,,. An upper bound
for the effective differential Nullstellensatz is a numerical function b(m, n, h, d) such that,
for all such F, the system F' = 0 is inconsistent if and only if the system of polynomial
equations in F((mnhd) ig inconsistent. By the usual Hilbert’s Nullstellensatz, the latter
is equivalent to

1e (F(b(m,n,h,d))> .

For example, in the system of polynomial PDEs

Uy +vy =0
Uy — vy =0 (1-1)
(Uaz + Uyy)® + (Vaz +vyy)? = 1

01 = 0/0y, 02 = 0/0,, and so m = 2, the differential indeterminates are u and v, and so

n = 2, the maximal total order of derivatives is h = 2, and the maximal total degree is
d = 2. The corresponding system of polynomial equations is
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